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ABSTRACT

In this paper we systematically investigate the performance
of a family of FFT algorithms and implementation strate-
gies. We consider a large class of recursive algorithms based
on the Cooley-Tukey decomposition and a series of imple-
mentation strategies for memory allocation and data access.
This investigation provides justification for some of the de-
sign decisions made by FFTW, a highly optimized portable
package for computing the FFT. This study analyzes imple-
mentation techniques incorporated into the SPIRAL system
(see http://www.ece.cmu.edu/~spiral). SPIRAL is an on-
going project whose goal is to automate the efficient im-
plementation and platform adaptation of signal processing
algorithms. '

1. INTRODUCTION

Beginning in 1965 with the paper by Cooley and Tukey
[1], there has been continuous effort to obtain fast imple-
mentations of the FFT. Over the years many variants of the
original algorithm have been proposed and many techniques
have been developed to obtain efficient implementations of
these algorithms. In the late eighties there was an effort
to present the design alternatives in a uniform manner us-
ing the framework of matrix factorizations of the discrete
Fourier transform (DFT) matrix (see [2, 3] for a summary
of these efforts). In [4] the different factorizations were de-

scribed by mathematical formulas that served as-the guide .
for obtaining alternative implementations of the FFT. More- . -

over, it was suggested that these formulas could be-directly
translated into programs with different performance char-
acteristigs. and consequently a search could be performed
to find the optimal implementation of the FFT. This search
program was outlined in [5] and has been carried out on a
subset of formulas [6, 7, 8]. A compelling case for the ben-
efits of search to find fast implementations of the FFT has
been made by the success of FFTW [7], where a limited
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search, using dynamic programming, was used to optimize
the code on alternative computing platforms.

In this paper, we investigate the performance of a class
of FFT algorithms and implementation strategies. We con-
sider only recursive algorithms based on the Cooley-Tukey
factorization; however, even with this single factorization
rule, there are many possible algorithms arising from dif-
ferent breakdown strategies, i.e.,"application of the Cooley-
Tukey rule. A given breakdown strategy, in turn, can be nat-
urally implemented in several different ways. These alter-
native implementation strategies need different amounts of
temporary storage and a different number of passes through
the data. These differences have a substantial impact on
runtime performance.

Each possible algorithm that is considered can be repre-
sented by an ordered binary tree. It has been shown previ-
ously that different trees can lead to different performance
(a different breakdown strategy will access the data in a dif-
ferent pattern). In fact, a subset of the trees correspond
to the algorithmic choices considered in FFTW. Interest-
ingly when we searched for the trees, and implementation
strategy, with optimal performance we were led to design
choices made in FFTW.

2. MATHEMATICAL FRAMEWORK

The discrete Fourier transform (DFT) of size n is repre-
sented by the n X nmatrix. . .., .,

TR A kS0

where w, = €*7/* The Cooley-Tukey FFT (fast Fourier
transform, [I, 2]) is ‘written‘a$ a-factorization of F,, into a
product of structured sparse matrices. Let n = rs, then, by
Cooley-Tukey, T

Fn:(F‘r®Is)'Tg ~(I,®F3)-Lf, (n

where T is the twiddle matrix, L is the stride permutation
matrix, and ® denotes the tensor (or Kronecker) product of



Fig. 1. (a) a balanced, and (b) a right-most break-down tree
matrices, [4]. The twiddle matrix is diagonal,
r—1 .
T:‘I = @diag (u’?uw‘}w T 7u,fl_1)L ’
i=0

and the stride permutation L} is the permutation that maps
ir+j — Jjs+ifor0<i<sand0 < j <r. Asan
example, consider thecasen = 4 = 2- 2:
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Formula (1) represents a recursive algorithm and difterent
factorizations n = rs give rise to different recursions. How-
ever, even if 7, and hence s, are fixed, there are different
ways to interpret (1), yielding different algorithms with dif-
ferent characteristics and performance. We will elaborate
on that in Section 3.

In this paper we will restrict ourselves to the most im-
portant case n. = 2¥, With k given, the particular instance of
(1) corresponds to a partition k = ky + k», k1, k> > 0. We
represent this choice by the labeled tree with k at the root,
ky at the left child, and k- at the right child. Recursive appli-
cation of (1) to the children gives rise to ordered (right and
left children are distinguishable) binary partition trees. Dif-
ferent trees define different algorithms. It can be shown that
there are asymptotically O(5* /k3/2) many trees with root
k. Ideally, an implementation of the FFT should support
all possible trees and allows searching for the optimal one
on a given computing platform. This search enables adap-
tation. All implementations considered in this paper are of
this kind. Figure 1 shows two possible trees for & = 4. In
Section 3, we will establish a relationship between the topo-
logical structure of a break-down tree and the properties of
the corresponding algorithm and implementation.

3. ALGORITHM CHOICES

We present three algorithms corresponding to the Cooley-
Tukey FFT. All approaches use the same breakdown strat-
egy, but differ in how temporary storage is allocated and
accessed.

To obtain an algorithm for computing the DFT from
the Cooley-Tukey factorization, we need to interpret the
symbols and mathematical operations in Equation (1) as
programming constructs, [4]. The matrix-vector product
y = F, x is obtained using the Cooley-Tukey factorization
by computing, v = L} z, followed by v = (I, @ F5)u, w =
Trz, and finally y = (F, ® I;)w. The factors involving
smaller DFTs are computed by looping over the input vec-
tor and recursively calling a function to compute the smaller
DFTs. The computation (F, ®1;) = L (I, ®F,)L] re-
quires that the input and output vectors be accessed at stride
s, or that two extra permutations be inserted. Many opti-
mizations to this basic approach are possible: the permu-
tation L can be combined with the following factor as re-
addressing rather than performing a runtime permutation;
the twiddle factor can be combined with either the previous
or following factor; and the last three factors can easily be
computed in-place thereby avoiding extra temporary stor-
age. In-place computation of the stride permutation L7 is
not straight-forward (see [9]), and requires additional com-
putations which may negate the benefits of reduced tempo-
rary storage. In our experiments, we considered three pos-
sible approaches, each with varying amounts of temporary
storage.

The first approach is in-place, but rather than performing
an in-place stride permutation, as is done in [6], we combine
all of the stride permutations, and perform the combined bit-
reversal permutation outside of the recursion.

Algorithm 1 (FFT-BR) In-place bit-reversed output algo-
rithm. '

1. (LFz) = (I, ®F,) - (L? -z) [Compute F,  times
at stride r]

~n

22z=T,x

3 z=(;®F,)
4. (Bp-x) = x [done outside of the recursion]

The second approach allocates temporary storage in each
recursive call, but rather than simply using the extra tem-
porary space for computing the initial stride permutation, it
combines the stride permutation as re-addressing in the fol-
lowing factor. The amount of temporary storage required s
S(n) < n+S5(n/2) < 2n, and it is maximized for left-most
breakdown trees.

Algorithm 2 (FFT-TS) Out-of-place algorithm with extra
temporary storage requirements.



It = (I,®F,) - (L"-x) [Compute F, T times with
input accessed at stride r and output at stride 1.]

2.t =Tyt
3. (L5 y) = (LF,) - (L¢-1)

The third approach, which is the one used by FFTW, is iden-
tical to the second except that the extra temporary storage is
not required. The reduction in temporary storage is obtained
by restricting the set of FFTs that it supports to those corre-
sponding to right-most breakdown trees. The crucial prop-
erty of a right-most breakdown tree is that the second recur-
sive call is removed and hence the computation can proceed
in-place. Algorithm 2 is written so that only as much tem-
porary space as is required is used. Thus, Algorithms 2 and
3 are identical for rightmost trees.

Let B, denote the bit-reversal permutation and let F,=
B,, F,,, then it can be shown that

F,= (Fr ®Is) T: Lg(]r ® FS)L;‘La

where T: is a permuted twiddle factor. This can be com-
puted in-place, and the DFT can be obtained by applying
B, to F,, . This modification is used in the first algorithm.

Algorithm 3 (FFT-RT) Out-of-place algorithm for right-
most trees only.

1.y = (I, ®F;) - (L -z) [Compute F, 1 times with
input accessed at stride v and output at stride 1.]

2.y=T¢y

3. (Lyy) = (I, ®F,) - (Ly -y) [Compute F.., s times
at stride s. ¥, must be computed in-place. ]

4. IMPLEMENTATION

To make an authoritative comparison of different algorithms
it is mandatory to use careful tuning strategies and to pro-
duce excellent, high quality code so that unexpected over-
heads of suboptimal code do not mask the timing results.
For this reason we have developed highly optimized assem-
bly code implementations of Algorithms 1-3. In addition,
the implementations share the following features.

1. For small sizes n = 2*, highly optimized code mod-
ules are provided. For these sizes, the DFT can be
computed either by recursion or using the code mod-
ule. In our tree notation, a leaf means using a code
module allowing for leaves larger than 1.

2. The twiddle factors T are precomputed and stored.

3. The interface to the recursive programs supports strided
access of the inputs and outputs.

4. All trees within the scope of the algorithm are sup-
ported, and a search module, using dynamic program-
ming, is provided to find the trees that lead to highest
performance. See Section 5.

For details on the code optimizations performed we refer
the reader to [10].

5. SEARCH FOR FAST TREES

As mentioned, the number of trees for size n = 2* is asymp-
totically O(5* /k3/2), which makes an exhaustive search in-
feasible. We use a dynamic programming (DP) approach to
reduce the search space. Assume we want to find a fast
tree for size k, and fast trees for sizes 1...k — 1 are al-
ready computed. The number £ is split in all possible ways
k=14 (k—1),i=1...k — 1and the corresponding tree
is built by using the previously found trees as subtrees for
i and k — 7. Among the k — 1 trees obtained this way, the
best one is chosen for size k. Using DP, only O(k?) trees
have to be timed to find a fast tree for size k. DP is not guar-
anteed to find the optimal tree due to that fact that the cost
of a tree may depend on the context in which it is called.
Nonetheless, DP has been shown [10] to produce very good
results.

6. EXPERIMENTAL RESULTS

In this section we show the experimental results with our
implementations of Algorithms 1-3. The testing platform
was a Pentium II MMX, 450 MHz, with 384 MB of SDRAM,
running WinNT 4.0 Workstation. The compiler was Mi-
crosoft Visual C++ 6.0. All our implementations are in
assembly and have the features briefly described in Sec-
tion 4 The trees for the respective sizes have been found
with the dynamic programming (DP) search as described in
Section 5. In our first implementations we provided code
modules only for sizes k = 1,2. Figure 2 shows the run-
times of the best trees found for ¥ = 1...20. The run-
time is given in cycles, divided by k - 2* (higher is slower).
We observe that FFT-BR is slower, and that FFT-RT and
FFT-TS coincide. The reason for this is, that DP found only
right-most trees when applied to FFT-TS, in which case both
implementations are equal. We performed additional opti-
mization on FFT-RT and FFT-TS, in particular we provided
code modules up to size k = 4. Again, FFT-RT and FFT-
TS found the same trees. The result is the lowest curve in
Figure 2. We conclude that the extra cost incurred by extra
temporary storage outweighs the potential gain from con-
sidering arbitrary trees. This coincides with the design of
FFTW. Note, however, that if a full temporary vector is al-
ways used, then balanced trees can outperform rightmost
trees [11]. The actual trees found are given in Table 1. For a



Fig. 2. Runtime comparison of our FFT implementations
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Table 1. The best trees for FFT-RT found with DP

given k, a value of 0 means the code module is used, a num-
ber 7 signifies the left leaf, and the right subtree for k — ¢ has
to be looked up recursively.

To giver further validity to our conclusions, we com-
pared our best implementation against FFTW, [7] (see Fig-
ure 3), one of the fastest FFT implementations available.
The runtimes are normalized w.r.t. FFTW, i.e., FFTW cor-
responds to the straight line. The FFTW trees where found
using the option FFTW_MEASURE, which triggers a DP
search similar to ours. We observe that for sizes up to 212,
our implementation is faster, most likely due to the addi-
tional optimizations provided by the assembly coding. For
larger sizes, FFTW outperforms our code. We hypothesize
that this is due to the larger code modules used for small
transforms (up to size 64) used by FFTW.
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