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ABSTRACT

We present a novel approach to computations on the Grassmann manifold and define a

locally Riemmanian affine-permutation invariant shape space for the task of shape repre-

sentation. The definition of a measure of similarity between shapes cannot be based on the

geometry of Euclidean space. One of the essential concepts here is defining a shape to be

a set of all equivalent representations obtained by acting on a rigid object with a class of

distortions and then mapping each shape as a point of a geometric manifold. The underly-

ing metric of the non-Euclidean space intrinsically defines an unlabeled-view-independent

similarity measure between the shapes. We consider affine distortions and distortions in-

duced by permutation of the unlabeled feature points. We solve this challenging problem of

finding a similarity measure and of finding a locally geometric manifold with an unlabeled-

view-independent metric properly defined on it. We construct geometric shape spaces for

2D and 3D rigid objects and define on these spaces distances among shapes that are invari-

ant to a class of distortions — affine transformations and permutations of unlabeled feature

points. We define equivalency sets of configurations of p-dim objects. Each equivalency

class collects the configurations of a p-dim object that are transformable into each other

under the class of affine transformations and the class of permutations of the feature points.

We give an analytical mapping to the neighborhood of the real Grassmann manifold as

a solution to the distance minimization problem. As the true distance minimization is not

easily solvable, we present an approximate solution using linear programming and quadratic

programming.



The main result is the development of a new modeling and computational framework,

and related general-purpose calculation formulas and algorithms. We derive explicit ana-

lytical linear solutions for the exponential map and the logarithmic map. We give a linear

and efficient algorithm for the computation of the approximate barycentric combinations of

points on the Grassmann manifold. The derived original general-purpose explicit formulas

for the real Grassmann manifold allow easy computation of the basic characteristics, such

as measuring distances between points (shapes) and computing sample means and higher

order statistics, for the task of shape representation. They can also be used in many other

fields besides shape representation theory. In the thesis, these concepts are directly applied

to the affine-invariant shape space, allowing computation of similarity between shapes as

well as the sample mean and higher order moments of a constellation of shapes. This work

is of great practical importance as it provides with efficient and robust ways of applying the

theory to real world applications, such as multi-author handwritten digit recognition. Our

broad contribution adds another dimension to the problem of representation of a geometric

object and bridges a gap between image processing algorithms in Riemannian spaces and

conventional algorithms embedded for simplicity in Euclidean spaces.

Keywords: shape theory, shape representation, affine-permutation group, unlabeled-view-

independent similarity measure, distortion invariant metric, geometric invariance, affine

transformations, permutation distortions, correspondence problem, feature matching, com-

puter vision, Riemannian geometry, equivalency classes, Grassmann manifold, geometric

algorithms, logarithmic map, barycentric combinations, statistical inference, sample mean.
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1. INTRODUCTION

1.1 Organization

The dissertation studies the problems of computations on the Grassmann manifold and

affine-permutation invariance in shape representation. It is presented as a progression of

topics.

In Chapter 1, we start with the problem definition and motivation. Also we consider

briefly the history of shape theories and some prior work. The survey and critical assessment

of shape theories help us to establish background on the underlying theory and to formulate

key concepts on the representation of geometric objects under different viewing conditions.

One of the essential concepts is defining a shape to be a set of all equivalent representations

obtained by acting on a rigid object with a class of distortions and then mapping each

shape as a point of a geometric manifold. The underlying metric of the non-Euclidean space

intrinsically defines an unlabeled-view-independent similarity measure between the shapes.

We consider affine distortions and distortions induced by permutation of the unlabeled

feature points. This goes well beyond Kendall’s shape theory, see [65], that is restricted to

motions with uniform scaling with shapes being defined by labeled feature points.

Next, we describe the contributions of the dissertation. The main result is the de-

velopment of a new modeling and computational framework, and related general-purpose

calculation formulas and algorithms. Our broad contribution adds another dimension to the

problem of representation of a geometric object. We construct geometric shape spaces with

distances and local geometry defined in such a way that they achieve invariance to the fol-

lowing class of modeled distortions: simultaneous affine transformations and permutations

of unlabeled feature points.
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Chapter 2 addresses shape representation. We define shape and derive a mapping that

allows to represent each shape as a point on a Riemannian manifold. We start by providing

a brief overview of image representation and introduce the reader to the concepts of affine

space and its symmetry group, and relate these concepts to the affine distortions of a

rigid object. We also discuss here other important issues, such as permutations of the

feature points of the object. These concepts lead us to definitions of shape views and

shape configuration matrices. Next, we define the affine-permutation group and give its

decomposition into three simpler groups. We give definitions of group actions and quotient

spaces formed by group actions. Finally, we introduce an injective mapping from an abstract

space of shapes to a Riemannian space. In addition, we summarize the important algorithm

building blocks one needs to address in order to be able to perform various algorithms on

Riemannian spaces.

In Chapter 3, we consider embedded Riemannian manifolds. We describe key notions

from the theory of manifolds in a very informal way. We explain the notions of vector

fields and flows, geodesics and associated geodesic vector fields, and the notion of intrinsic

distance. Also, we give a more intuitive representation for the exponential map as an

addition of a vector to a point, and its inverse — the logarithmic map — as a subtraction of

two points. In addition we give various definitions for the mean on a Riemannian manifold

and define a notion of barycentric combinations. Finally, we apply these notions to the

example of the orthogonal group On when it is considered as an embedded Riemannian

manifold.

Chapter 4 is concerned with computations on the real Grassmann manifold Grn,p. It

gives a representation for the affine-invariant shape space. We start by defining the Grass-

mann manifold and discuss various numerical representations of its points. We also give the

decomposition of the Grassmann manifold as a quotient of the orthogonal group. Then we

give explicit analytical linear solutions for the exponential map and the logarithmic map.

We give a linear and efficient algorithm for the computation of the approximate barycentric

combinations of points on the Grassmann manifold and discuss related notions of principal
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angles, cut locus, and maximal radii for normal regular balls that allow to establish con-

ditions for uniqueness and existence of the barycentric combination. The general-purpose

explicit formulas that we derive for the real Grassmann manifold allow easy computation

of basic quantities, such as measuring distances between points and computing sample

means and higher order statistics. These are important on such tasks as object recognition

and categorization. They can be used in many other theories besides shape representation

theory. However, in particular, when affine-invariant shapes are considered as points on

the Grassmann manifold, these concepts are directly applied to the affine-invariant shape

space, allowing computation of similarity between shapes as well as a sample mean and

higher order moments of a constellation of shapes.

Chapter 5 goes a step forward and establishes a representation for the affine-permutation-

invariant shape space. In a way, this is a folded Grassmann manifold Grn,p/Pn under the

group action of the finite permutation group Pn. This quotient space is not a Riemannian

manifold. However, we establish in Chapter 5 a conjecture that the affine-permutation-

invariant shape space locally looks like the neighborhood of the real Grassmann manifold

Grn,p. We give an analytical mapping that maps neighborhoods in the shape space to the

neighborhoods of the real Grassmann manifold. This map is the solution to the distance

minimization problem. As the true distance minimization is not easily solvable, we present

an approximate solution using linear programming and quadratic programming. In ad-

dition, based on our experiments, we establish another conjecture. It states that if the

minimized distance found as a result of linear programming is large, then the true mini-

mized distance would have been large as well. In other words, it tells us that the linear

programming solution is a mapping that preserves distances locally. For this reason, given

two shapes, we can establish how similar the shapes are, and if they are sufficiently simi-

lar we can compute their distance as well as perform other geometric concepts derived for

the Grassmann manifold. In particular, we can compute a sample mean and higher order

moments of a constellation of shapes that are sufficiently similar to their sample mean.

In Chapter 6, we present applications of our innovative approach, the basic concepts and



1. Introduction 4

derived formulas, to the classification problem on shape spaces. We show how to compute

the sample mean for a constellation of shapes. We give an example of shape morphing by

means of connecting two shapes with a minimal geodesic segment and following it. We

also give an example of shape identification when applied to multi-author handwritten digit

recognition. These applications show practical importance of our work. We finally discuss

ways of defining data-driven sub-manifolds of the shape space.

Finally, in Chapter 7 we summarize the results of our work.

1.2 Problem definition and motivation

The representation of a geometric object is one of the most challenging problems in com-

puter vision and machine learning. Learning the similarity among objects is one of its key

concepts. If we do not have effective similarity measures, the important tasks of object

recognition and categorization can not be performed reliably. The problem is a difficult one

as we may find appearances of similar objects to be very different from each other under

different viewing conditions. Moreover, different views of the same object will not have

their features in correspondence with each other.

Defining an unlabeled-view-independent similarity measure is a combinatorial compu-

tationally expensive problem. Another difficulty one faces is that the similarity measure

should not be an Euclidean one, therefore numerical algorithms to compute distances cannot

use the geometry of the Euclidean space. Thus, we need to solve an even more challenging

problem that of finding not just a similarity measure, but a geometric manifold with an

unlabeled-view-independent metric properly defined on it.

The main problem of computer vision is studying how do the captured images encode

properties of the world, such as illumination and material, texture, shape, and spatial motion

of the objects. In this research, we are concerned only with the representation of object

shapes and assume that segmentation, compensation for the illumination changes, texture,

and motion recovery are already solved or need not be solved for a specific setup. In this

thesis, we give a new innovative approach toward the solution of this problem, which allows
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to reliably represent object shapes and minimize (reduce) the combined affine-permutation

shape distortion.

We will consider both 3D and 2D shapes of rigid objects and the construction of geo-

metric shape spaces with distances defined in such a way that they achieve invariance to a

specific class of modeled distortions. The distortions we study are simultaneously applied

affine transformations and permutations of unlabeled feature points.

The geometric approach to signal processing and image processing is not common, except

for few exceptions [110, 100]. The goal of this research is to bridge a gap between image

processing algorithms in the Riemannian spaces and conventional algorithms embedded for

simplicity in Euclidean spaces, and to take advantage of looking at these algorithms from

this new perspective. A good review of numerous estimation problems in the Riemannian

spaces is given in [102].

The thesis applies our similarity measures to various examples, including an example of

multi-author handwritten digit recognition.

1.3 Prior work: survey and critical assessment of shape theories

There are a number of different shape theories. Usually, humans define a “ shape” to be

the appearance of an object that is invariant under Euclidean similarity transformations.

In the computer vision community, imaging sensors are frequently modeled by a pinhole

perspective projection camera model, which is frequently approximated by an affine camera

model, [37]. Thus, an Euclidean similarity transformation of a rigid object is approximated

by an affine transformation of its views. In other words, an affine distortion of object views

is an approximation to changes between different views of the same object undergoing an

Euclidean similarity transformation, [37]. Then a shape of an object is a collection of its

views undergoing affine transformations. In order to be able to perform various tasks on

shapes, such as measuring similarity between shapes, computing sample means and putting

probability distributions on a space of shapes, one needs to achieve invariance to affine

distortions in the space of object views (captured images).
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There are three major approaches to treating affine invariance in the space of object

views: estimation of an alignment transformation, computation of invariants, and definition

of affine-invariant similarity measure, or even geometry.

The first approach measures similarity between shapes by first solving for correspon-

dences between points on the two views (images), and then using the correspondences to

estimate an aligning transformation. Then one uses some sort of similarity measure be-

tween the two aligned views, such as mean square error. Typical examples of such approach

are given in [12, 58, 85]. An overview of image alignment techniques is given in [9]. Solv-

ing for correspondences is also known as a feature matching problem, see [73, 72]. In the

computer vision community, there are attempts to bring Gestalt laws into practice. One

of the first approaches into this direction is given in [97]. The authors find an innovative

way to solve the visual correspondence problem by using the Gestalt law of proximity, and

creating an algorithm for associating the features of two patterns. However with these lines

of approaches, which are typically considered in the computer vision and signal processing

communities, one cannot define a geometry on the space of shapes. Thus, one can only hope

for an efficient estimation of the transformation and a good similarity measure between the

shapes.

The second approach is based on computing different functions that are invariant to the

relevant group of transformations, such as affine transformations. As an example, one could

consider a computation of central moments. A detailed treatment on invariants for model-

based recognition is given in [82]. The main shortcoming of the approach is that one needs

to have sufficiently large number of invariants computed in order to be able to recover a

good approximation to the original object view (image). Otherwise, an obtained similarity

measure will not discriminate well between different shapes. However, it is practically hard

to obtain a large number of invariants. For example, consider computing central moments.

This computation is numerically very sensitive to noise, making it essentially impossible to

calculate moments of sufficiently high orders. Besides, very often it is difficult to define a

meaningful distance between shapes based on their invariants. Another shortcoming is that
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the space of invariants does not allow to perform geometric operations, such as an averaging

of a constellation of objects. This approach is mainly of theoretical interest. In practice, it

does not work well.

Finally, the third approach defines an affine-invariant similarity measure on factor spaces

of object views. In this approach one would simply form a true shape space with both

distance and geometry defined on it. A typical strategy is to start by defining a finite space

of shape configuration matrices, or an infinite dimensional space of configuration atlases.

Then one defines a group action on this space by acting on it with the group of distortions

under the consideration. Group actions partition the space, forming equivalency classes.

Under this approach, one is looking not just for an affine-invariant similarity measure, but

for a geometric space that will allow to perform various tasks on shapes, such as measuring

similarity between shapes, computing sample means and putting probability distributions

on a space of shapes. Now let us take a look into a history of various shape theories that

fall under this approach. There are two major classes. Once equivalency classes are formed,

one has a choice to either search for a canonical member of the equivalency class, or to work

within the space of equivalency classes.

One popular form of the first class, where one is looking for a canonical member of each

equivalency class, is whitening, in which an affine transformation is applied to a set of points

such that they have zero average and the identity covariance matrix. The disadvantage

of the method is that there are still remaining degrees of freedom left. Another form of

normalization, obtained by bringing pivot points in the configuration to a standard location

suffers from being arbitrary and thus highly sensitive to noise. The work given in [45] falls

under this approach. Related to the approach are also works that define medial or principal

axes of an object.

In the second class, one of the first sound approaches to the problem seems to have

been motivated by Kendall’s 1977 paper [64]. Kendall introduces the term “ shape space”

assuming that the shape of an object is captured by the shape of a finite subset of its points.

In his shape theory, he argues that it is not possible to measure the similarity between
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possible shapes of an object in standard Euclidean coordinates. Thus, he is looking for new

shape spaces and their topological and geometric properties. Dryden and Mardia in their

book on shape theory [32], following Kendall’s intuitive definition of a shape, define a shape

to be “all the geometrical information that remains when location, scale, and rotational

effects are filtered out from an object.” That is, different shape spaces are obtained by

factoring out a class of allowed transformations, making shapes in these spaces invariant to

the modeled transformations.

Various shape spaces are also discussed in [14], but, unfortunately, the author is assuming

a labeled set of feature points, and is primarily concerned with finding statistical density of

a shape. He is not studying the underlying geometric structure of the shape spaces.

Another very common shape theory is given by Grenander and his collaborators [43, 60,

44]. These authors describe shapes in terms of closed curves that define their boundaries

and outlines. The geometry of the space of curves is studied in [111], also see [77].

Yet another approach, e.g., in [22], is to represent simple algebraic objects, such as

cylinders, by Lie algebras, and then model more complex objects as a collection of patches of

these simpler algebraic objects. Under this approach, each shape of an object is a collection

of invariants of Lie algebras that achieve invariance to Euclidean (or affine) transformation.

Unfortunately, a concept of a shape space is not applicable here.

In this research, we adopt the concept of a shape given by Kendall [65]. However, our

research is different in a number of ways. Kendall assumes a labeled finite subset of the

object’s feature points. In our case, the feature points are not labeled, causing permutation

distortions of the feature points. Also, the class of allowed transformations in Kendall’s work

and in our work is quite different. Kendall restricts the class of motions to rigid motions and

uniform scaling. In our research, we are modeling a class of affine motions. A concept of

the general shape space with labeled feature points and affine invariance is not new. It goes

back to Ambartzumian, [6], and is also discussed in [32]. However, Ambartzumian’s work is

primarily concerned with the theory of invariant measures, stochastic point processes, and

their distributions in the shape spaces. It is not easily applicable to practical applications.
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Our work bridges the gap between the theoretical part of shapes space and a practical

efficient implementation of it by providing with computational framework.

This research contains the work in [98], see also [45, 48, 47, 46]. It is worth to note that

work [11] follows our framework, presented for the first time in [98].

1.4 Contributions of the dissertation

The dissertation makes the following substantive original contributions:

1. Bridging a gap between image processing algorithms in the Riemannian spaces and

conventional algorithms embedded for simplicity in Euclidean spaces, and taking ad-

vantage of looking at these algorithms from this new perspective;

2. Introducing noise and dimensionality (number of sample points) resilient efficient

shape representation by left cosets (equivalency classes) that avoids the nontrivial

task of recovering canonical members for each equivalency class;

3. Deriving efficient linear equations, general-purpose expressions and formulas for writ-

ing numeric algorithms on the Grassmann manifold — a non-Euclidean space of cur-

vature, including explicit and efficient linear formulas for computing the logarithmic

map and the Riemannian mean;

4. Defining a novel approach for simultaneously achieving invariance to affine transfor-

mations of a rigid object and solving for the feature correspondence problem;

5. Finding not just a similarity measure between shapes but defining a locally geometric

shape space with unlabeled-view-independent metric on it, allowing not only to mea-

sure distance between different shapes, but also to perform other geometry operations

such as finding a sample mean or following geodesics;

6. Showing the practical importance of the findings for various computer vision and image

processing applications and presenting real world case studies, including examples of

classification and statistical inference on the shape space.
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2. FROM SHAPES TO MANIFOLDS AND

SHAPE REPRESENTATION

2.1 Preliminaries

How should one represent geometric objects numerically? In physics, it is common practice

to consider objects to be sets of particles with some special properties, such as mass, so

one could say that objects live in a space consisting of particles. But how do we model the

space of particles? How do we represent them in a digital computer?

In the view of Newtonian Mechanics, a particle is modeled as a point, and the position of

this point is determined with respect to a fixed coordinate system (“ frame”) by coordinates

of a vector connecting the origin of the frame with the point with respect to the chosen

basis. But is the assumption of a known origin always valid?

We live in a world of 3D objects. Very frequently, we capture images of the world using

2D and 3D sensors that are arbitrarily located and oriented with respect to the world. As

the relative 3D position of the object is unknown and often changes in time, the view of the

object captured by the sensor looks distorted in different images. The distortions are due

to the fact that the coordinate systems of the sensors do not coincide with the coordinate

system of the world. Let us denote dimensionality of the space under consideration by p

(e.g., p = 2 or p = 3). Then, the space of points with a fixed frame is isomorphic to a vector

space Rp. As we can see, the point corresponding to the zero vector (the origin) plays a

special role, when there is really no reason to have a privileged origin.

Inspired by this fact, one would like to define a space that has no special origin pre-

selected. Such space is called an “ affine space.” Informally speaking, an affine space is

a vector space that has forgotten its origin. Throughout the dissertation the particles are
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described in this space.

Another important concept that will be addressed here is the concept of symmetries of a

geometric object, which form a group, called the “ symmetry group.” The symmetry group

of a geometric object is, intuitively, the set of all transformations that can be applied to the

object without changing it. These transformations are non-degenerate maps that preserve

the properties of the underlying space, the affine space in our case.

The key points that will be addressed in this chapter are:

• motivation for considering affine transformations — Sections 2.2-2.3

• definitions of the affine space and its symmetry group — Section 2.4

• shapes, shape views and configuration matrices — Sections 2.5-2.7

• affine-permutation group and its decomposition — Section 2.8

• shape space reduction as a quotient of manifolds — Section 2.9

• working with shapes as points of a Riemannian manifold — Section 2.10

We start by motivating the reader further as to why we should be working in the affine space.

Then we define an affine space in a group theoretic framework and present preliminaries on

working in the quotient space that results after a group of symmetries has been factored

out. Then we give formal definitions of a shape, a shape view, and a shape configuration

matrix. We also derive the affine-permutation group as a group of distortions that acts

on a rigid object and give its decomposition into simpler groups. We investigate shape

space representation as a quotient of manifolds under the action of these groups. We

also provide the reader with a step-by-step mapping from an abstract space of shapes to a

Riemannian space, shown in Figure 2.2. In addition, we summarize the important algorithm

building blocks one needs to address in order to be able to perform various algorithms in

the Riemannian spaces. These preliminaries and background is needed in the subsequent

chapters of the thesis.

Now we motivate the use of 3D affine transformations.
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2.2 Why consider 3D affine transformation for 3D shapes?

Frequently, imaging sensors are modeled as a pinhole perspective projection of the 3D world

onto the 2D image plane. A coarser but very popular approximation is an affine projection

camera model. In this model, the observed objects are assumed to undergo an affine motion

before being projected ortographically onto the image plane.

Now suppose that a set of points of interest has been observed and tracked in successive

images and apparent 2D motions have been estimated. An affine structure from motion

algorithm, [37], recovers 3D shape and motion of the rigid object with respect to the camera

in two steps.

The first step in this algorithm is factorization: factoring a low-rank measurement matrix

of apparent 2D motions into two skinny matrices of shape and motion. The original rank-3

algorithm is explained in [105, 37], and much faster rank-1 algorithms can be found in [2].

The factorization obtained is unique up to an arbitrary 3D affine transformation. It is very

simple and is based on an SVD decomposition.

On the second step, the Euclidean metric upgrade, [37], is performed when taking into

account the rigidity constraints. These additional constraints are derived by assuming

that the affine camera model is restricted to be either orthographic, weak perspective,

paraperspective, or fixed-intrinsic affine. These constraints are non-linear.

As properly noted in [37], the second step need not be performed for purely affine

methods. These methods do not require camera calibration since the corresponding trans-

formation of the image coordinates can be folded into the overall affine deformation of the

object. This can be very advantageous for vision systems for which calibration parameters

vary rapidly in time.

This fact motivates us to define a similarity measure for 3D shapes that will be invariant

up to an arbitrary 3D affine transformation.
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2.3 Why consider 2D affine transformations for 2D shapes?

When working with 2D shapes obtained directly from images, the 2D affine distortion model

is commonly used. Under this model the 2D shapes of the same object are assumed to be

related by an affine transformation. This approximation is very widely used in the literature

in many image processing applications, [58].

For example, when imaging sensors are modeled as a weak perspective projection of the

3D world onto the 2D image plane and when the observed objects are planar, it is known

that captured 2D images will be related by a 2D affine transformation, [85].

This fact motivates us to define a similarity measure for 2D shapes that will be invariant

up to an arbitrary 2D affine transformation.

2.4 The affine space A(V) and its symmetry group GA(V)

Now we start by presenting background material on the affine space in a group theoretic

framework, [25, 38], as it will be required further in this dissertation. The presentation in

this section follows [38].

As we mentioned in Section 2.1, an affine space is a vector space that has forgotten its

origin. In order to forget its origin, we need to distinguish between points (particles) and

vectors (forces acting on particles). We proceed as follows.

Definition: A group 〈G,+〉 is said to act on a set X from the right when there is a map

uo : X × G → X such that ∀x ∈ X and ∀g, h ∈ G: x uo 0 = x and (x uo g) uo h =

x uo (g + h). In this case, G is called a “ transformation group.” The map uo is called a

“ right group action.” Moreover, if for any two elements ∀x,y ∈ X , there is a unique g ∈ G

such that x uo g = y, we say that group action uo is “ transitive and faithful” and we write

g , (y ·−o x) ∈ G.

Definition: Let group G act on set X by uo : X ×G → X . Then we say that two elements

∀x1,x2 ∈ X are G-equivalent and we write x1 ∼G x2 if ∃g ∈ G : x1 uo g = x2. The

“ left coset” of G with respect to some x ∈ X is a set of all G-equivalent elements to x and



2. From Shapes to Manifolds and Shape Representation 15

is given by xG , {x̂ : x̂ ∈ X , x̂ ∼G x} = {x uo g : g ∈ G}. Sometimes xG is also called the

“ orbit” of a point x and is denoted by dxcG. It is clear that orbits form a partition of X ,

i.e., every element of X belongs to one and only one orbit. Orbits are sometimes also called

“G-equivalency classes.” The set of all orbits of X under the action of group G is denoted

by X /G and is called the “ quotient set” of the action.

Definition: An “ affine space” is a triplet 〈P ,V,uo 〉 of an abstract set of points (particles)

P , of a vector space of tangent vectors (forces) V, and a transitive faithful group action

uo : P × V → P .

As we will see later in Section 3.5, the group action uo in the definition of the affine space

is called the “ exponential map.” Moreover, since group action uo is transitive and faithful,

it uniquely defines a difference of two points as a vector: ∀p,q ∈ P v , (q ·−o p) ∈ V and

·−o is called the “ logarithmic map.” Intuitively, v is a vector from point p to point q, and

is often called a “ free vector.” We say that we equipped the set of points P with the vector

space structure of V. One particular case is when P = V and uo is a canonical addition of

vectors. We say that A(V) = 〈V,V,+〉 is a canonical affine space of a vector space V. In

particular, let Fp be a finite dimensional vector space over a field F. We denote affine space

over a field F by Ap(F). When the field is the set R of real numbers then we simply write

Ap.

Let A = 〈P ,V,uo 〉 be an affine space, and let us fix a point p ∈ P . Consider a vec-

tor space TpA = {(q ·−o p) ∈ V : q ∈ P} = (P ·−o p) of free vectors with origin at p. This

space is called the “ tangent space” to A at point p. Clearly, a set of points P now has

a vector space structure of TpA. In particular, one can now consider linear combinations

of vectors in TpA. It turns out that the linear combinations of vectors with coefficients

summing to 1 are independent of a choice of p. They are called barycentric combina-

tions of vectors originating from point p. Forgetting the origin p one now can define a

“ barycentric combination of points,” which is invariant of the origin.

Definition: Let (pi)i∈I be a family of points in P , and let (λi)i∈I be a family of scalars
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summing to 1. Then we define a “ barycenter” to be a point m ∈ P such that:

m = p uo
∑
i∈I

λi · (pi ·−o p) (2.1)

This definition is invariant of a choice of p ∈ P , so we simply write: m =
∑

i∈I λipi.

As one can see, this definition shows how to compute the barycentric combination of

points without fixing an origin. This is exactly how we forget the origin in the affine space.

Now, we need to introduce a group of symmetries in the affine space. The “ symmetry group”

of a geometric object, as we mentioned earlier, is, intuitively, the set of all transformations

that can be applied to it without changing the object. These transformations are non-

degenerate maps that preserve the properties of the underlying space. In particular, for the

affine space, such maps are bijective maps preserving the barycentric combination of points.

Definition: Let A = 〈P ,V,uo 〉 be an affine space. We say that function f : P → P is an

“ affine map” iff f preserves barycenters. In other words, for any family of points ∀ (pi)i∈I

and a family of scalars ∀ (λi)i∈I such that
∑

i∈I λi = 1 we must have f(
∑

i∈I λipi) =∑
i∈I λif(pi)

Remark: A set of bijective affine maps on A(V) is clearly a group under map composition.

This group is called the “ affine group” and is denoted by GA(V). This group is a symmetry

group of the affine space. It has a known structure — a semidirect product [17] of the

general linear group GL(V) and a group of translations T (V).

We now define a semidirect product and give some of its properties that will be useful

later. These definitions follow [17].

Definition: A “ normal subgroup” N of a group G is a subgroup invariant under conjuga-

tion. In other words, ∀g ∈ G, the set gN g−1 ⊆ N . We write N � G.

The subgroup N is normal if and only if gN = N g for ∀g ∈ G. Then it is clear that all

subgroups of an abelian group (i.e., a group for which the elements commute) are normal.
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Definition: Let N � G. Then the set H = G/N , {gN : g ∈ G} is a subgroup of G;

it is called the “ quotient group” or the “ factor group.” Intuitively, H is a group that

collapses the normal subgroup N to the identity element. Elements of the quotient group

are N -equivalency classes.

Definition: Let us consider two arbitrary groups N and H and let Aut(N ) be a group

of automorphisms from N onto itself. Given a group homomorphism α : H → Aut(N ),

the cartesian product G = N × H equipped with the binary operation ~ and given by

(n1, h1) ~ (n2, h2) = (n1·α(h1)(n2), h1·h2) is a group called the “ semidirect product” of N

and H with respect to α. We write G = N oα H.

Remark: The direct product of groups is a special form of the semidirect product. To see

this consider an example of α(h)(n) = n. Then we have (n1, h1) ~ (n2, h2) = (n1·n2, h1·h2),

which is a direct product of N and H. Another example would be to take α(h)(n) = hnh−1.

Let us use ∼= to denote the isomorphism of groups and let G = N oα H. Then the set

N × {1H} ∼= N forms a normal subgroup of G, while the set {1N } × H ∼= H forms a

subgroup of G where 1N and 1H are identity elements of N and H respectfully. Since now

N � G we can consider the factor group G/N ∼= H. We emphasize to the reader here that

when the group G is formed as a semidirect product of its normal subgroup N and its

subgroup H, we should factor out the normal subgroup first, i.e., in general G/H will not be

a group, while G/N will be a group. We will see later why this is important for the affine

group.

Proposition 2.4.1. Let A(V) be an affine space. Then its affine group GA(V) can be

decomposed into the semidirect product of two groups as follows:

GA(V) = T (V) oα GL(V) (2.2)

where the abelian group T (V) of translations with elements δ ∈ T (V) is acting on x ∈ V from

the right by δ : V → V, x 7→ x+ δ. The group GL(V) of general linear transformations of V

with elements A ∈ GL(V) is acting on x ∈ V from the left by A : V → V, x 7→ A·x. The group
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homomorphism α : GL(V) → Aut(T (V)) is acting in the obvious way α(A) : T (V) → T (V),

δ 7→ α(A)(δ) , A·δ.

One can easily see that T (V) = V and GL(V) = Aut(V), so we have a semidirect product

of the special form GA(V) = V o Aut(V). Also we are going to show how the affine group

GA(V) is acting on V in a more familiar to the reader form. Let δ ∈ T (V) and A ∈ GL(V)

as before. Then the tuple (δ,A) ∈ GA(V) is acting on x ∈ V by (δ,A) : V → V as follows:

x 7−→ x(δ,A) , A·x + δ (2.3)

This is the most common representation for affine transformations. When A(V) = Ap then

A is a p-by-p non-singular matrix and δ is a p-by-1 vector with elements in R. In this

particular case we denote GA(V) = GAp and we write the decomposition as GAp = Tp oGLp.

So far we showed how affine transformations are acting on just one point in the affine

space. Now let us consider a family of points undergoing the same affine transformation.

We discuss it next.

2.5 From one particle to a set of particles

Let us recall from Section 2.1 that we consider an object to be a set of particles, just like

in physics. We model particles to reside in the affine space Ap. Then the geometric object

is an unsorted set of points in the affine space Ap. Also, a symmetry group of the object

that will keep it unchanged is GAp. First we give several definitions.

Definition: A “ shape” of an object is an unsorted family of points in the affine space Ap,

possibly with repetitions in order to emphasize more important ones:

s =
(
pi ∈ Ap

)
i∈I

(2.4)

As a shorthand notation, we will write s b Ap where b denotes the fact that s is a family

of points, possibly with repetitions, and not just a subset of Ap. Let shape s consist of a

finite family of n = |s| points. Then we refer to s to be an “n-shape”.
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As a side, we repeat that throughout the dissertation we do not require a family of points

to be distinct, i.e., allowing repetitions of points is up to the particular implementation. For

example, one could attach integer masses to each particle in the object, and then repeatedly

include the point into the family of points according to its mass. Instead of mass one could

use a quantized intensity value of the particle. This is not the only way to incorporate the

variable density of an object. For example, one could sample points more densely at places

where there is more mass.

Now, without loss of generality let us assume that all the shapes we consider contain

the same number of points n. We talk in Chapter 6 on comparing shapes with different

number of points, or even doing multi-resolution comparison for different values of n. We

define the set of all shapes of size n as follows.

Definition: A “ set of n-shapes” is a set of all families of points from Ap of size n:

SSn,p , {s : s b Ap, |s| = n} (2.5)

We would like to equip the set of n-shapes SSn,p with a geometry in order to be able

to compare different shapes to each other. However, this cannot be done directly on the

set SSn,p, since each shape is a family of abstract points. We proceed as follows. Recall

that Ap = 〈P ,V,+〉 where P = V = Rp. Let us fix an arbitrary point o ∈ P . Then,

as discussed in Section 2.4, our affine space is given by the vector space structure of its

tangent space ToAp. Further, we can fix some basis e =
{
e1, · · · , ep

}
for the tangent space

ToAp. Informally, we fix a coordinate system and we attach a transformed copy of Rp at

o. The tuple (o;e) is called a “ frame” on the affine space Ap. Now, every point p ∈ Pn is

represented by a free vector v = (p− o) ∈ ToAp, while the free vector v itself is represented

by a p × 1 vector x = ev ∈ Rp of coordinates with respect to the basis e. In particular, a

shape s ∈ SSn,p will be given representation with respect to the frame (o;e) by a family of

vectors in Rp:

v , vs(o; e) =
(
xi , e (pi − o) ∈ Rp

)
i∈I

b Rp (2.6)
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Fig. 2.1: Different views v1, v2, v3 for the same shape s of the kettle

It is clear that as we vary a reference frame (o;e), we will obtain different representations

vs(o; e) of the same shape s ∈ SSn,p. We refer to these representations as “ views” of the

n-shape s, or simply “n-views.”

In Figure 2.1, as an example, we illustrate three different views for the same shape of

a kettle. Each view is a representation of the kettle obtained with respect to a different

reference frame. As one can see, each view is composed of a set of particles of the same

mass that are shown as black dots. Each particle is a vector in Rp (with p = 2 in our

particular case) and will have (x, y)-coordinates in the image plane. The view is just an

unsorted family of size n of these (x, y) coordinates.

Lets consider all possible n-shapes s ∈ SSn,p and obtain all possible views for each shape.

Then we can define a set of n-views as follows.

Definition: The “ set of n-views” is the set of all families of vectors from Rp of size n:

SVn,p , {v : v b Rp, |v| = n} (2.7)

It is clear that shape views lie in this set, i.e. vs(o; e) ∈ SVn,p. Recall that group GAp is

acting on Rp as given in Equation (2.3). Then we can define a group action of GAp on

SVn,p to be a point-wise group action. We give the definition below.

Definition: Group GAp is acting on the right on SVn,p by group action ∗ : SVn,p × GAp →

SVn,p such that ∀v ∈ SVn,p and (δ,A) ∈ GAp we have ∗(δ,A) : SVn,p → SVn,p as follows:

v 7−→ v ∗ (δ,A) =
(
A·x + δ

)
x∈v

(2.8)
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This group action definition has a natural explanation. Our object is rigid, so all points in

the object will be undergoing the same affine transformation.

Since we have a properly defined group action, now it makes sense to talk about a

quotient set SVn,p/GAp. It is not hard to see that this quotient set is nothing else but SSn,p.

We state the result below.

Lemma 2.5.1. A set of n-shapes is a quotient set of group action GAp on a set of n-views:

SSn,p = SVn,p/GAp (2.9)

As a result, n-shapes are orbits of equivalent n-views s = dvcGAp under the action of GAp.

Note that we cannot work directly with a set of n-views SVn,p and define a geometry on

it. Next, we are going to show how we represent these views in a matrix form.

2.6 From sets to matrices and relation to permutation distortions

Consider a shape view v given by Equation (2.6). By definition, it is an unordered set of n

distinct p×1 vectors. How do we represent this set numerically? Without loss of generality,

let us assume the indexing set to be I = {1, . . . , n}. Then any indexing order will be given

by permutations of elements of I.

Definition: A “ permutation” is a bijection from a finite set onto itself. In particular if

the set under consideration is {1, . . . , n}, then we can write π : {1, . . . , n} → {1, . . . , n}.

Associated with a permutation is the n× n “ permutation matrix :”

Pπ ,


eT
π(1)

...

eT
π(n)

 (2.10)

with ei being the i-th column vector in the n×n identity matrix. A set of all permutation ma-

trices Pn , {Pπ : π is a permutation } forms a finite group called the “ permutation group.”
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Let v be given by Equation (2.6) and let π be some permutation. Then we define a stacking

operator Stack : SVn,p × Pn → Rn
p from a set of n-views to n× p tall-skinny matrices:

Xπ , Stack(v, π) =


xT

π(1)

. . .

xT
π(n)

 = Pπ


xT

1

. . .

xT
n

 (2.11)

Definition: Define the matrix Xπ in Equation (2.11) to be an “n-configuration” of the

underlying n-shape s in Equation (2.4) and the image space of the Stack operator to be the

“ set of n-configurations” SCn,p , Stack(SVn,p,Pn).

Clearly, SCn,p consists of all possible n× p matrices, so it will coincide with Rn
p .

Once again, as evident from Equation (2.11), the group Pn of permutations acts on the

set SCn,p, and the quotient set is SVn,p. The result is stated below.

Lemma 2.6.1. A set of n-views is the quotient set of the action of Pn on the set of n-

configurations:

SVn,p = SCn,p/Pn (2.12)

Next, we motivate why permutation distortions arise from a more natural perspective.

2.7 Why do we care about permutation distortions?

The shapes that we consider are families of feature points. We do not restrict how the

feature points are selected. They can either be points scanned on a dense grid, or a set of

points of interest with strong directional gradients in time, or points on object boundaries,

or correspond to any other possible choice.

Independently of how feature points are selected, when the shape is distorted, for ex-

ample, by an affine shape distortion, the feature points that comprise the shape move to

different locations on the image plane. Since the image is scanned in a fixed order, such

as the raster scan order, by the input device, the feature points of affine distorted shapes

are not guaranteed to be read in the same order, thus adding another degree of ambiguity.
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We identify this type of shape irregularity as a permutation distortion. To illustrate this

point by example, look at Figure 2.1. The very first point scanned in the first view will be

located on the handle of the kettle. The same point will not be scanned first in the second

and third views.

When feature points are labeled, then they can be ordered according to their labels in

order to avoid permutation distortions. The permutation of feature points is commonly

addressed as the well-known feature correspondence problem, see [73, 72].

2.8 Affine-Permutation group and its decomposition

We start by recaping what we have so far. Let us look at the first three blocks of the

diagram depicted in Figure 2.2. We started from an abstract set of n-shapes SSn,p where

each shape is a family of n abstract points in Ap, not necessarily unique. This is shown on

the first two lines of the first block in Figure 2.2. Then, in order to go from an abstract

notion of a shape to a numeric representation, we showed that by fixing a frame in Ap we

obtain a view of the shape. Also we showed that a set of shapes SSn,p is a quotient of a

set of views SVn,p by the group of symmetries GAp. The group of symmetries GAp itself is

given as a semidirect product GAp = Tp o GLp. Each view is a family of vectors from Rp.

This is shown in the second block and the arrow connecting the first and the second blocks

of Figure 2.2.

Views are families of size n of vectors in Rp. We defined a stacking operation that

takes these vectors and stacks them together into an n× p configuration matrix. Since the

ordering of the vectors is undefined, each view is uniquely determined by its configuration

matrix up to a permutation. So a set of views SVn,p is a quotient of a set of configurations

SCn,p by the group of permutations Pn. This is shown in the third block and the arrow

connecting the second and the third blocks of Figure 2.2.

Now we are going to show that, in fact, we have a combined affine-permutation group,

which is a direct product of GAp and Pn groups. This group acts on a set of configurations

SCn,p, and its quotient is a set of shapes SSn,p.
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1.
Set of Shapes

SSn,p , {s : s b Ap, |s| = n}
SSn,p = SVn,p/GAp

add ambiguity of affine

transformations GAp = Tp o GLp

��

8.
GAPn,p -Invariant Shape Space

folded Grassmann manifold

GSn,p = Grn,p/Pn

KS

remove ambiguity Pnof arbitrary

permutations of coordinate axes in Rn

2.
Set of Views

SVn,p , {v : v b Rp, |v| = n}
SVn,p = SCn,p/Pn

add ambiguity of

permutations Pn

��

7.
GAp-Invariant Shape Space

Grassmann manifold

Grn,p = Gfn,p/Op

KS

remove orthogonal ambiguity Op of

rotations/reflections on p-planes in Rn

3.
Set of Configurations

SCn,p ,
�
X : X ∈ Rn

p

	
= Rn

p

SCn,p

remove translation

ambiguity Tp

��

6.
Normalized Configuration Space

Stiefel manifold

Gfn,p = On/On-p

KS

reduce ambiguity of general GLp

to ambiguity of orthogonal Op

4.
Set of Centered Configurations

SMn,p ,
�
X− 1·mean(X) : X ∈ Rn

p

	

SMn,p = SCn,p/Tp

+3 5.
Centered Configuration Space

non-compact Stiefel manifold

GFn,p = GLn/GLn-p

Fig. 2.2: From a set of shapes to shape space
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Definition: We define an “ affine-permutation group” to be a direct product:

GAPn,p , GAp × Pn = (Tp o GLp)× Pn (2.13)

Let (δ,A, P ) ∈ GAPn,p be a triplet where (δ,A) ∈ GAp and P ∈ Pn. Now we are going to define

how this triplet is acting on a set of configurations.

Definition: Group GAPn,p is acting on the right on SCn,p by group action ∗ : SCn,p × GAPn,p →

SCn,p such that ∀X ∈ SCn,p and (δ,A, P ) ∈ GAPn,p we have ∗ (δ,A, P ) : SCn,p → SCn,p as

follows:

X −→ X ∗ (δ,A, P ) = P
(
XAT + 1δT

)
= PXAT + 1δT (2.14)

where 1 is is an n× 1 vector of ones. In fact, one can easily verify that this group action is

defined correctly. We start by examining Equation (2.3). If we apply a transpose operation,

then it becomes xT → xT AT + δT . Now recall that the stacking operator, given in Equa-

tion (2.11), stacks transposed vectors xT on top of each other into the matrix X. Then,

when the same affine transformation is applied to all the points stacked into the matrix X,

it will be of the form X → PXAT + 1δT where P is the permutation from the stacking

operation.

Lemma 2.8.1. The set of shapes is the quotient set of the action of GAPn,p on a set of

configurations:

SSn,p = SCn,p/GAPn,p (2.15)

As shown in the lemma, we can go from a set of configurations SCn,p to a set of shapes

SSn,p by acting on SCn,p with the group GAPn,p . However, it is easier to break down the action

of the group GAPn,p into a set of consecutive actions of the more primitive groups Tp, GLp and

Pn, as given in Equation (2.13). Moreover, the easiest way of equipping a set of shapes

with the geometry is by using a quotient geometry obtained as a result of factoring out

these groups from a Riemannian manifold with a geometry already defined on it. For this

reason, the group of translations Tp needs to be factored out before the group GLp since it

is a normal subgroup of GAp. As to the group of permutations Pn, it can be factored out

first, second or third since it commutes with GAp. We discuss our choice next.
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2.9 Shape space reduction as a quotient of manifolds

Figure 2.2, starting from the third block, shows the reduction process of the set of con-

figurations SCn,p into the shape space GSn,p. Each factor space is obtained by acting on

the space above it with some group action and forming orbits. Recall that orbits are the

equivalency classes with respect to the group action. For each orbit we could identify and

keep the canonical representatives, the way it is done in [45]. Alternatively, we can stay

within the space of orbits, as they allow to work with them by picking an arbitrary member

of the orbit without first finding a canonical member. This is a preferred method in cases

when canonical members cannot be easily defined or computed due to ambiguities and noise

in the input data. Stated differently, more informally, group actions are the distortions we

are trying to remove. A process of finding a canonical member is essentially an estimation

of these distortions. Whenever the estimation can not be reliably performed, instead of

estimating the distortions we simply factor them out.

We choose to first factor out the group of translations Tp, as shown by transition from

block three to block four. On this step, we replace dXcTp with the canonical member defined

by Xc : Xc ∈ dXcTp , mean(Xc) = 0. We recall that a shape is represented by an n × p

configuration matrix X ∈ SCn,p; mean(X) is defined to be an 1 × p row vector containing

the mean value of each column of X. We factor out translations via the centering operation

Xc , X−1·mean(X) where 1 is an n× 1 vector of ones as before. We refer to the quotient

set SMn,p , SCn,p/Tp to be a set of centered configurations.

SMn,p is not a Riemannian manifold. We place additional restriction on the elements of

SMn,p in order to make it a manifold. We will require that the n×p centered configuration

matrices Xc be of rank p. Note that the centering operation could reduce the rank, so the

restriction of having rank p is properly placed on centered configurations. Let us analyze

now what shapes are excluded by this restriction. It is clear that for p = 2 the only shapes

we will not be able to look at will be the ones for which points lie on the same line, and for

p = 3 we will not be able to look at planar shapes. In general, this restriction tells us that

we cannot study shapes of smaller dimensions by looking at them in higher dimensions,
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which is a very plausible assumption, since these excluded shapes can always be studied by

embedding them in a space of proper dimension. In Figure 2.2, by placing this restriction

we are moving from the fourth block to the fifth block. We explain next how centered

configurations of rank p form a Riemannian manifold.

A centered configuration matrix is of size n × p and has rank p. We can view this

matrix as a linearly independent p-frame in Rn. To complete the matrix to full basis of

Rn we can choose any non-singular (n − p)-frame. Thus, we can realize it as a quotient

of general linear groups, which are also Lie groups, [110, 16], as GFn,p = GLn/GLn-p. We

note that GFn,p obtained this way is a smooth manifold. It is frequently referred to as the

“ non-compact Stiefel manifold.” For background information we refer the reader to [16].

It is shown in the fifth block of Figure 2.2. We should note that centered configurations

are just a subset of GFn,p. In fact, it turns out that they form a subspace of GFn,p, but for

now we can skip this discussion, as it carries no importance. We can assume that we are

working with the complete GFn,p space.

Next, we construct Y ∼= dXccN ∈ Gfn,p from Xc ∈ GFn,p by replacing the diagonal

matrix of the singular values in its compact SVD decomposition with the identity. Re-

placing the singular values with ones makes Y to be orthonormal (YTY = I). The

obtained space Gfn,p = On/On-p is a space of orthonormal p-frames, and is called the

“ compact Stiefel manifold” or simply “ Stiefel manifold,” [16].

We note that in the literature both GFn,p and Gfn,p are frequently called the Stiefel

manifold. We will refer to GFn,p as the non-compact Stiefel manifold and to Gfn,p as the

Stiefel manifold. Even though we could work directly with GFn,p, we prefer to project first

GFn,p onto Gfn,p and then work with orthonormal matrices Y ∈ Gfn,p. The difference between

the two is that in GFn,p we work with any linearly independent p-frames, while in Gfn,p we

work with orthonormal p-frames. This is the sixth block of Figure 2.2.

We should note here that the use of an SVD decomposition is closely related with the

Gram-Schmidt orthogonalization process. It allows us to reduce the non-compact Lie group

GLn to the compact Lie group On. Moreover, it can be shown that On = GLn/PDUTn where
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PDUTn is the matrix subgroup consisting of all upper triangular matrices with positive

diagonal entries, see [8].

In order to eliminate the orientation ambiguity, we take a Lie group Op and consider

a quotient space Gfn,p/Op. Each element in the quotient space is the set of all possible

rotated and reflected versions of Y and is given by dYcOp = {YV : V ∈ Op}. The manifold

Grn,p = Gfn,p/Op obtained in this way is called the Grassmann manifold, [16]. It can also be

defined as the space of all p-dim subspaces in Rn. Under this definition, if p is a point on

the Grassmann manifold Grn,p then p = span(Y). Both definitions are equivalent, but we

will work with the orbits dYcOp . We will use a shorthand symbol dYc, omitting the group

Op as its subindex when it is clear that the action is by the group Op.

We emphasize that the seventh block on the right-hand side of Figure 2.2 is the Grass-

mann manifold Grn,p = Gfn,p/Op. This manifold is of great importance, as it provides us

with an affine-invariant shape space. We study its geometry in Chapter 4.

Note how we took the group of affine transformations GAp and decomposed it as a

semidirect product GAp = Tp oGLp. We first factored out the group of translations Tp, and

then separately from it we factored out the group of general linear transformations GLp.

We ended up in the Grassmann manifold Grn,p. Alternatively, we could have considered GAp

as a sub-group of GLp+1 using the standard trick of representing affine transformations by

(p + 1)× (p + 1) matrices of the form: AT 0

δT 1

 ∈ GLp+1 (2.16)

where (δ,A) ∈ GAp. Then we could use the standard trick of going from Euclidean space Rp

of shape view coordinates to its projective counterpart by adding an additional coordinate

being equal to 1. This results in augmenting n × p configuration matrices with an extra

column of ones and going to augmented n×p+1 configuration matrices. These augmented

configuration matrices can be represented as points of the non-compact Stiefel manifold of

one dimension higher GFn,p+1. Then we can go to the Grassmann manifold of one dimension

higher Grn,p+1 in the usual way. The paper, given in [11], takes this approach combined



2. From Shapes to Manifolds and Shape Representation 29

with our framework, see [98], in order to achieve an invariance to affine transformations.

The authors in [11] avoid the centering operation by factoring out the affine group all at

once. This approach generates a number of problems, making it less attractive. First of

all, an affine-invariant shape space will no longer be the complete Grassmann manifold. It

will be just its subset. There will be lots of points on the Grassmann manifold Grn,p+1 that

will not correspond to any shapes. Then, by performing various geometric operations on

Grn,p+1, such as following geodesics or computing sample mean, we might end up at a point

of Grn,p+1 that is not a valid shape. There are also other disadvantages. An additive noise

affecting the position of the feature points in a shape view will not transfer nicely to the

Grassmann manifold because of an extra coordinate. To summarize, we strongly discourage

from using the approach.

Now we go back to Figure 2.2 and summarize the final step. It allows arbitrary per-

mutations of n feature points, which are row permutations of the configuration matrices.

This ambiguity is eliminated by taking a finite group of permutations Pn and folding the

Grassmann manifold into Grn,p/Pn. This group does not act freely, [16]. Thus, Grn,p/Pn is

no longer a manifold, and we cannot realize a geometry in GSn,p as a quotient geometry of

Grn,p/Pn. However, it is still possible to define a geometry in the neighborhoods of points

and perform computations of similarity when points are sufficiently close to each other. So

we will abuse notation and still call Grn,p/Pn a folded space. This folded space is shown in

the block eight of Figure 2.2 and is discussed in further details in Chapter 5.

2.10 Shapes as points of a Riemannian manifold

The definition of a shape is very abstract, and there is no easy injective map between the set

of all shapes SSn,p and an Euclidean space. In previous sections we introduced an injection

that maps shapes into points of a Riemannian manifold.

Since shapes are represented by points on a manifold, we can no longer use algorithms

for the Euclidean space and have to create equivalent algorithms for the Riemannian space.

There are a few important building blocks for most of the algorithms of interest to us:
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• efficient numerical representation of shapes

• computation of distance between 2 shapes

• barycentric combination of k shapes

• sample mean and higher order statistics

• moving from a shape in some tangent direction

In Chapters 4, 5 we derive formulas for all the above mentioned algorithm building

blocks. We also show how these basic concepts can be applied to classification by applying

them to multi-author handwritten digit recognition in Chapter 6.

2.11 Summary

In this chapter we addressed issues related to shape representation. We started by moti-

vating the reader why affine distortions of a rigid object is an import class of distortions

to consider. We considered a model under which an object is a set of particles, while par-

ticles live in the affine space. We gave group theoretic definitions of the affine space and

its symmetry group — the affine group. Then we gave an abstract definition of a shape

as an unsorted family of particles in the affine space. We also defined shape views to be

a visualization of a shape under a given affine transformation, and shape configuration

matrices to be numeric representations of these views under a given pair of an affine trans-

formation and an ordering (permutation) of the particles. Then we derived under the group

theoretic framework the combined affine-permutation group GAPn,p and gave its decomposi-

tion into three primitive groups Tp, GLp and Pn. We gave definitions of group actions and

quotient spaces formed by group actions. We saw that we can sequentially factor out each

one of the primitive groups in order to achieve injective shape representation by points of

a Riemannian manifold.

We noted that we form an equivalency classes whenever we consider factor spaces. In

order to factor out an action of the group under the consideration we can then either obtain

a canonical member for each of equivalency classes or stay within the space of orbits and

derive formulas that are invariant to the choice of the representative of each equivalency
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class. Whenever computation of a canonical member is simple and is resilient to noise, we

chose to find a canonical member. However, whenever there is no easy noise insensitive

algorithm for canonical member calculation, we stay within the space of orbits.

We started by factoring out the group of translation Tp. On this step we find a canonical

member by means of centering the configuration matrix around the center of mass of an

object. This operation is resilient to the noise added to the location of particles.

Then we reduced an action of the non-compact general linear group GLp to an action

of the compact orthogonal group Op. This is a projection operation from the non-compact

Stiefel manifold GFn,p to the compact Stiefel manifold Gfn,p, and is resilient to noise.

Next we factored out the orthogonal group Op that lead us to the affine-invariant shape

space representation by points on the real Grassmann manifold. On this step we chose

to stay within the space of orbits because an operation of finding a canonical member is

not an easy one, and is noise sensitive, [45]. A typical approach that is taken by in the

literature for this step is defining principal axes of the shape and then un-rotating the

shape to align its principal axes with their canonical position. As one can see, even small

noise can introduce a large change in a position of principal axes causing discontinuities

in the similarity measure. We avoid this approach by staying within the space of orbits

and developing formulas on the Grassmann manifold that are invariant to the choice of the

representative of each equivalency class.

Finally, by factoring out the permutation group Pn, we obtained the affine-permutation-

invariant shape space representation by points on the folded Grassmann manifold. On this

step we chose to find a canonical member because action of the finite group Pn is not free,

as it will be explained in Section 5.2.

In addition, in this chapter we summarized the important algorithm building blocks

one needs to address in order to be able to perform various algorithms in the Riemannian

spaces.
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3. EMBEDDED RIEMANNIAN MANIFOLDS

3.1 Preliminaries

In this chapter we consider embedded Riemannian manifolds. The key points that will be

addressed in this chapter are:

• Vector fields, integral curves, and flows — Section 3.2

• Parallel transport, geodesic vector fields and geodesic flows — Section 3.3

• Riemannian metric, Levi-Civita connection, and distance — Section 3.4

• Exponential and logarithmic maps — Section 3.5

• Expected values and barycentric combinations — Section 3.6

• Orthonormal group On as a Riemannian manifold — Section 3.7

We start by explaining the notions of tangent spaces and the tangent bundle of the man-

ifold, vector fields and flows, geodesics and associated geodesic vector fields, the notions

of distance. Also we give a more intuitive representation for the exponential map as an

addition of a vector to a point, and its inverse — the logarithmic map — as a subtraction of

two points. In addition we give various definitions for the mean on a Riemannian manifold

and define a notion of barycentric combinations. Finally, we apply these notions on the

example of the orthogonal group On when it is considered as an embedded Riemannian

manifold. These preliminaries and background is needed in the subsequent chapters of the

thesis.

Now, before we continue further, we present key notions that we need from the theory

of manifolds. The presentation of the material here is informal. It does not follow any of

the sources, and in many instances we cannot even give direct references to the background

material. As for general references, we refer the reader for the necessary background on
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differentiable manifolds to classical textbooks on Riemannian geometry and Lie theory

[68, 16, 23, 70, 103, 21, 13, 38, 8, 41, 49, 7, 29].

Riemannian manifolds consist of three layers. The first layer is a topological layer. Let

M be a Riemannian manifold. Then first of all M possesses a topological structure. As

part of its topological structure, we require M to be Hausdorff and second countable. Also

M has to look locally, as a topological space, like Euclidean space. Manifolds inherit many

of the local properties of Euclidean space. They are locally path-connected and locally

compact. However, for example, global compactness is not guaranteed.

The second layer is the differential layer. It makes M a differentiable manifold. At this

layer we require M to be a smooth manifold, which implies that derivatives of all orders

exist. We talk about this layer in more detail in Sections 3.2-3.3.

Finally, the third layer is the Riemannian layer. This layer allows M to become a metric

space, thus providing the ability for computing distances in between points. This layer is

discussed in Section 3.4.

We also discuss the concepts of the exponential map and its inverse — the logarith-

mic map. We relate these concepts with the concepts of expected values and barycentric

combinations. These are discussed in Sections 3.5-3.6.

Finally, in Section 3.7, we apply these notions on the example of the orthogonal group

On when it is considered as an embedded Riemannian manifold.

3.2 Vector fields, integral curves, and flows

In this section we define vector fields, integral curves, and flows. A very good introduction

to these concepts can be found in [70].

Let M be a smooth differentiable manifold. We proceed with the following definitions.

Definition: “ Smooth curves” on M are smooth mappings γ : I ⊆ R →M from an open

interval I in the time domain R to M. They carry a way of natural differentiation in time

γ′ = dγ
dt . The derivative Q̇τ = γ′(τ) is called the “ tangent vector” at point Qτ = γ(τ).
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Definition: “Tangent space” TQM to a point Q ∈M is defined to be a set of all tangent

vectors at point Q, i.e. a set of all derivatives ∆ = γ′(t)
∣∣
t=τ

of smooth curves γ(t) with

initial condition γ(t)
∣∣
t=τ

= Q.

Definition: “Tangent bundle” of a manifold M, denoted by TM, is the disjoint union of

the tangent spaces TQM to each point Q ∈ M. An element of TM is an ordered pair

(Q,∆) where Q ∈ M and ∆ ∈ TQM. The “ natural projection” π : TM → M is defined

to send a pair (Q,∆) to the base point Q.

Definition: Let U ⊆M be an open subset of M. A (smooth) “ vector field” is a mapping

that assigns smoothly to each point on U one of its tangent vectors. Specifically, a vector

field on U is a smooth map:

∆ : U −→ TM ; Q 7−→ ∆(Q) =
(
Q,∆Q

)
(3.1)

where ∆Q ∈ TQM. In other words, ∀Q ∈ U we have π
(
∆(Q)

)
= Q. For this reason, when

a vector field ∆ is defined globally on M, it is also called a “ section” of the tangent bundle.

Smooth vector fields ∆ over the manifold M form a vector space denoted by X(M).

One should think of a vector field on M as the analog of vector fields in Euclidean space.

Each vector field is simply a vector attached to each point of M such that it is tangent to

M and varies continuously from point to point.

Definition: Suppose γ : I ⊆ R → M is some curve and ∆ ∈ X(M) is a vector field. We

define a “ restriction of a vector field” ∆ along curve γ to be given by:

∆
∣∣
γ

: R −→ TM ; t 7−→ ∆
∣∣
γ
(t) =

(
γ(t),∆γ(t)

)
(3.2)

One particular case of interest is when the restriction of the vector field along curve γ

coincides with the derivative γ′. It is called the “ derivative vector field” or simply the

“ velocity vector field” of the curve γ, and we write:

γ̇
∣∣
γ

: R −→ TM ; t 7−→ γ̇
∣∣
γ
(t) =

(
γ(t), γ′(t)

)
(3.3)
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So far we considered smooth curves γ, which generate velocity vector fields γ̇
∣∣
γ

along the

curve. Now, we would like to work backward by taking a vector field and seeking for a

smooth curve at each point whose velocity vector field will locally coincide with the given

vector field. This motivates us to proceed with the definition of integral curves and flows,

and to study their relationship to vector fields.

Definition: Let ∆ be a vector field on M. An “ integral curve” of ∆ is a smooth curve

γ : I ⊆ R →M defined on an open interval I such that:

γ̇
∣∣
γ
(t) = ∆

∣∣
γ
(t) ∀t ∈ I (3.4)

Theorem 3.2.1 (Existence and uniqueness of maximal integral curves).

Let ∆ ∈ X(M) be a vector field on M. For all points on the manifold ∀Q ∈ M, there

exists a unique maximal open interval IQ ⊆ R containing a neighborhood of 0 and a unique

integral curve of ∆ γQ : IQ → M defined on this interval such that γQ(0) = Q. In other

words, at each point there exists only one “maximal integral curve” of ∆ passing through

it.

Proof. We give a sketch of the proof, which is based on the theory of ordinary differential
equations. Observe that an integral curve is defined by the first order differential equation(
γQ(t), γ′Q(t)

)
= ∆

∣∣
γQ

(t), and the initial condition is given by γQ(0) = Q. Existence and
uniqueness then follow from the Picard-Lindelf theorem for the solutions of ODEs with pre-
scribed initial conditions, [86].

Now we define a flow generated by a vector field ∆. Informally speaking, it is a family of

integral curves associated with a vector field. More precise definition is given below.

Definition: Consider a family of maximal integral curves
{
γQ : Q ∈ M

}
of ∆ from the

theorem above and define a map Θ∆:

Θ∆ : D ⊆ R×M→M ; Θ∆

(
t,Q

)
, γQ(t) (3.5)

with the domain D being a maximal open subset of R×M such that values of γQ(t) exist.

Then Θ∆ is called a “ flow” generated by ∆, while ∆ is called an “ infinitesimal generator”

of the flow Θ∆. When the domain D = R×M the flow is called a “ global flow” on M.
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Theorem 3.2.2. A “global flow” Θ∆ : R×M→M is a one-parameter group action.

Proof. One easily verifies this indeed. By definition Θ∆

(
0,Q

)
= Q. Also, it can be proven

that it satisfies the transitivity as well Θ∆

(
t,Θ∆

(
s,Q

))
= Θ∆

(
t + s,Q

)
.

Since global flows are one-parameter group actions, we introduce a shorthand notation for

writing them. We define:

Q uo t∆ , Θ∆

(
t,Q

)
(3.6)

Every global flow generates a vector field, while a vector field generates a flow that might

not be a global flow. We are primarily interested in vector fields that do generate global

flows. We give the theorem that establishes a sufficient condition.

Definition: We say that a vector field is “ complete” if it generates a global flow, or equiv-

alently if each of its integral curves is defined for ∀t ∈ R.

Theorem 3.2.3. If a manifold M is compact, then every vector field on M is complete.

Proof. The proof can be found in [70].

So, if we consider compact smooth manifolds, then every vector field will generate a global

flow, and every global flow will have a corresponding vector field.

3.3 Notions of parallel transport and geodesic vector fields

In Euclidean spaces we can take the directional derivative of one vector field with respect

to the other vector field. We generalize this notion for manifolds by defining a connection.

In a way, a connection is a generalization to taking second order derivatives.

Definition: A “ connection” or a “ covariant derivative” of a vector field with respect to

another vector field is a mapping ∇ : X(M) × X(M) → X(M) such that (∆2,∆1) 7→ ∇∆2∆1

and has properties of the derivative, i.e., it is algebraically linear, additive, and obeys the

product rule. Also, a covariant derivative of a vector field ∆ along some curve γ(t) is defined

to be a restriction of it along the curve and we write D
dt∆

∣∣
γ

, ∇γ̇∆
∣∣
γ
. In particular, we

define the second order derivative of a curve to be γ̈
∣∣
γ

, D
dt γ̇
∣∣
γ

= ∇γ̇ γ̇
∣∣
γ
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Definition: A vector field ∆ ∈ X(M) is said to be a “ parallel vector field” if its covariant

derivative is zero with respect to any other vector field, i.e. ∀∆2 ∈ X(M) : ∇∆2∆ = 0. In

particular, a vector field ∆ is said to be parallel along some curve γ : I →M if its covariant

derivative is zero everywhere along the curve, i.e.:

D

dt
∆
∣∣
γ

= 0|γ : 0|γ(t) =
(
γ(t),0 ∈ Tγ(t)M

)
∀t ∈ I (3.7)

Theorem 3.3.1 (Parallel vector field generator). Let ∆ be a tangent vector at point

Q, and let U ⊂ M be an open neighborhood of Q. There exist one and only one parallel

vector field on U that extends a given tangent vector ∆ at point Q.

Proof. The proof can be found in any standard textbook on differential geometry, [68].
However, note that it is not possible, given a tangent vector at a point, to extend it to a
parallel vector field globally across the manifold. As an example, consider the unit-sphere
and try to extend, in parallel way, any given non-zero tangent vector at the north pole. There
exist a unique minimal geodesic segment connecting the north pole to any other point on
a sphere, except for the south pole. These geodesics will uniquely extend, in parallel way,
the tangent vector at the north pole. However, the tangent vector at the south pole will be
undefined since there is more than one minimal geodesic segment connecting the two poles
together. Thus, there are multiple ways of parallel transporting the tangent to the south pole.
This will be discussed in more details in Section 3.5 when we talk about cut-locus.

Let Π : TM → X(M) denote the generating function of the parallel vector field. Then the

parallel vector field ∆ that extends a given tangent vector ∆ at point Q will be given by

∆ = Π
(
Q,∆

)
. This generating function is generally well defined only in the neighborhood

of Q. Now we can define the parallel transport along a curve.

Definition: Consider a curve γ : I →M and a tangent vector ∆0 at the point Q0 = γ(0).

Then the restriction of the parallel vector field along the curve γ generated by these initial

conditions gives rise to a notion of parallel transport. The tangent vector ∆0 at point γ(0)

is said to be “ parallel transported” along the curve γ to the tangent vector ∆t at point γ(t)

where
(
γ(t),∆t

)
= Π

(
Q0,∆0

)∣∣
γ
(t).

Now, we generalize the definition of a straight line, called a geodesic, to be a curve γ of

zero acceleration. The requirement of the second order derivative to be zero comes from
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physics if we consider the fact that if an object moves along some curve at a constant pace,

its acceleration will be zero only if this curve is a straight line.

Definition: A curve γ is called a “ geodesic” if and only if its velocity vector field γ̇
∣∣
γ

is a

parallel vector field. In other words, γ is a geodesic if and only if γ̈
∣∣
γ

= 0|γ . In this case we

refer to the velocity vector field γ̇
∣∣
γ

as a “ geodesic vector field”.

From the definition of the geodesic, one can see that the equation for the geodesic is a

second order differential equation. Thus, we should expect existence and uniqueness for the

solution of the geodesic differential equation in some small neighborhood. The following

theorem states this result.

Theorem 3.3.2 (Existence and uniqueness of geodesics).

For all points on the tangent bundle
(
Q0,∆0

)
∈ TM there exists a unique maximal open in-

terval I ⊆ R containing a neighborhood of 0 and a unique geodesic γ : I →M defined on this

interval such that γ̇
∣∣
γ
(0) =

(
Q0,∆0

)
. This geodesic is called a “maximal integral geodesic.”

Proof. According to a Theorem 3.3.1, Π
(
Q0,∆0

)
will be the unique parallel vector field

extending
(
Q0,∆0

)
∈ TM. Then according to the Theorem 3.2.1 there exists a unique

maximal integral curve γ : I →M of the vector field Π
(
Q0,∆0

)
where I is an open interval

containing a neighborhood of 0 and such that γ(0) = Q0. Moreover, since γ is an integral
curve, by definition we have γ̇

∣∣
γ

= Π
(
Q0,∆0

)∣∣
γ
. This shows that the velocity field of γ is a

parallel vector field, and so γ is a geodesic. Moreover, γ̇
∣∣
γ
(0) = Π

(
Q0,∆0

)∣∣
γ
(0) =

(
Q0,∆0

)
,

so it satisfies the initial conditions. This completes the proof.

Alternatively, one could prove this theorem using the theory of second order differential

equations with two initial conditions. However, from our presentation of the proof we can

immediately see that the geodesics give rise to geodesic vector fields, which in turn generate

local geodesic flows. These flows become global geodesic flow when the geodesic vector fields

are complete. In particular, based on Theorem 3.2.3 the sufficient condition for this is when

the manifold is compact. Recall that our shorthand notation for writing the one-parameter

group action of the flows is Qt = Q0 + tΠ
(
Q0,∆0

)
. This notation can further be simplified

for the geodesic flows, since the geodesic vector field Π
(
Q0,∆0

)
is fully determined by the
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initial conditions (Q0,∆0

)
. In this particular case we simply write:

Qt = Q0 uo t∆0 (3.8)

Informally speaking, we defined the addition of the scaled vector to the point to be another

point. This notation essentially tells us that point Qt is reached at time t by traveling along

the unique geodesic defined by the initial conditions
(
Q0,∆0

)
. It is also closely related to

the exponential maps, and will be discussed in further detail in Section 3.5.

We illustrate the results of Theorems 3.3.1 and 3.3.2 through the example given in

Figure 3.1. We start with some point Q0 and some tangent at this point Q̇0. According

to Theorem 3.3.2, this pair defines a locally unique geodesic curve γ with initial conditions

γ(0) = Q0 and γ′(0) = Q̇0. This curve is illustrated in the figure by an arch. Point Q0 on

the manifold M is illustrated as a vector from some hypothetical origin, while Q̇0 is simply

a tangent to the arch. As we travel along the arch from time t = 0 to time t = τ , Q0 moves

to Qτ while Q̇0 parallel transports to Q̇τ according to the Theorem 3.3.1. Essentially,

vector Q̇0 is attached with its base to Q0, and as we move Q0 along the curve, Q̇0 travels

with it. For this reason, when we derive a solution to the geodesic equation γ(t), we also

need to derive a solution for parallel transport of its velocity vector γ′(t). Recall that the

geodesic vector field is the velocity vector field of the geodesic γ along itself and is given by

γ̇
∣∣
γ
(t) =

(
γ(t), γ′(t)

)
. It captures how both γ(t) and γ′(t) change simultaneously. So, when

deriving a solution to the geodesic equation, we are looking for the equation of the geodesic

vector field γ̇
∣∣
γ
.

Let us look again at Figure 3.1 and pick some arbitrary tangent ∆0 at point Q0 that is

not tangent to the curve γ(t). According to Theorem 3.3.1, there exists a unique parallel

vector field Π
(
Q0,∆0

)
|γ that parallel transports ∆0 to ∆τ along the geodesic curve γ.

Finding a solution to Π
(
Q0,∆0

)
|γ gives a general form of the parallel transport.

Now we move to defining distances and their relationship to the geodesic vector fields.
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Fig. 3.1: Connecting points Q0 and Qt by a geodesic γ(t)

3.4 Notion of intrinsic distance on a Riemannian manifold

Recall that the manifold M in general is not a vector space. Thus, we have no ability to

equipping M with an inner product directly. However, tangent spaces at each point are

vector spaces of the same dimension as the dimensionality of the manifold. Thus, equipping

each tangent space with a norm and putting additional constrains allows us to turn M into

a metric space.

Definition: A “Riemannian metric” on a smooth manifold M is a choice at each Q ∈M

of a positive definite inner product
〈
·, ·
〉
Q

on TQM varying smoothly as Q traverses the man-

ifold. A manifoldM equipped with a Riemannian metric is called a “Riemannian manifold.”

As usual, the “ norm” of some ∆ ∈ TQM is defined to be:

∥∥∆∥∥
Q

,
√〈

∆,∆
〉
Q

(3.9)

Sometimes we will simply write
∥∥∆∥∥ implicitly implying that the norm is computed using

the metric of the appropriate tangent space to which the tangent vector belongs.

Recall that a choice of the connection ∇ : X(M) × X(M) → X(M) is not unique on the

differentiable manifold. However, once M is given a Riemannian manifold structure, there

is only one symmetric connection. The result is stated below.

Definition: A connection ∇ is called “ compatible” with the Riemannian metric if it pre-

serves inner products during parallel transport.
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Theorem 3.4.1 (Levi-Civita connection). A Riemannian manifold possesses one and

only one symmetric connection that is compatible with its metric. Such connection is called

a “Levi-Civita connection.”

From now on, we always assume a manifold M to be a Riemannian manifold with the

Levi-Civita connection ∇. We are now ready to discuss the property of geodesics to be

locally the shortest path between points on the manifold.

Definition: Let γ : [0, τ ] →M be a smooth curve on the Riemannian manifold. Then its

length is given by:

L(γ) =
∮ τ

0

∥∥∥γ′(t)∥∥∥
γ(t)

dt (3.10)

Similarly, length of a piecewise smooth curve is a finite sum of the lengths of all pieces.

A “metric” d
(
Q0,Qτ

)
on M is constructed as an infimum of L(γ) where γ is a piecewise

smooth curve connecting the two points together.

Theorem 3.4.2 (Geodesic as a local distance minimizer). Let γ : I → M be the

maximal geodesic with initial conditions γ̇
∣∣
γ
(0) =

(
Q,∆

)
as given in the Theorem 3.3.2. It

is locally length minimizing, i.e., ∀t ∈ I, there ∃ε > 0 such that ∀t1, t2 ∈ (t − ε, t + ε) ∩ I

we have:

d
(
γ(t1), γ(t2)

)
=
∥∥∆∥∥

Q
·
∣∣t1 − t2

∣∣ (3.11)

Proof. The proof is very standard and is given in standard textbooks. Here we will show
only a sketch since it is important for the reader to understand how distances are calculated.
Consider the length of the geodesic curve between times t1 ≤ t2:

L
(
γ(t1), γ(t2)

)
= L(γ)

∣∣∣t2
t1

=
∮ t2

t1

∥∥∥γ′(t)∥∥∥
γ(t)

dt (3.12)

Since the curve γ(t) is a geodesic, its velocity vector field γ′(t) is the parallel vector field. At
the same time, a Levi-Civita connection is compatible with the Riemannian metric and so
preserves norms of parallel vector fields. Thus, the norm will be constant in the integration,
and we can write:

L
(
γ(t1), γ(t2)

)
=
∫ t2

t1

∥∥∥γ′(0)
∥∥∥

γ(0)
dt =

∥∥∥∆∥∥∥
Q
· (t2 − t1) (3.13)

By analogy with physics, the quantity
∥∥∆∥∥

Q
represents the velocity at which we are traveling.

The acceleration is zero since we are traveling at constant speed along a straight path. Thus,
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distance is simply velocity times time difference. At the same time, the path of zero accel-
eration will be the shortest path. So we can conclude that d

(
γ(t1), γ(t2)

)
= L

(
γ(t1), γ(t2)

)
.

Note that geodesics in general are not globally path minimizing, thus γ(t1) and γ(t2) should

lie sufficiently close to each other.

3.5 Addition of a vector to a point and difference of two points

In this section we give definitions of the exponential map and its inverse — the logarithmic

map. We relate these definitions to addition of a vector to a point and difference of two

points and give various related definitions.

Recall that the geodesic flow with initial conditions
(
Q,∆

)
∈ TM is given by Qt =

Q uo t∆. Suppose it exists at time t = 1. Then we traveled along the geodesic defined by(
Q,∆

)
to point Q1 = Q uo∆ that is

∥∥∆∥∥ away from point Q. This mapping has a special

name — the exponential map.

Definition: Let Q be a point on the manifold M. We define an “ exponential map” to be:

expQ : VQ ⊆ TQM−→M ; ∆ 7−→ expQ

(
∆
)

, Q uo∆ (3.14)

with the domain VQ being a maximal open subset of TQM such that values Q uo∆ exist.

In other words, this map defines the addition of a point with a vector attached to this point

to be another point that lies in the direction of the vector, the length of the vector away.

In a way, the exponential map can be viewed as a way of achieving a linearization of the

manifold around the point Q.

Lemma 3.5.1. The exponential map expQ is a local diffeomorphism. It embedds a neigh-

borhood TU(0) of the origin at TQM to a neighborhood U(Q) of Q in the manifold M.

Definition: Since expQ is a local diffeomorphism, its inverse exists at least locally in a

neighborhood of Q, and is called the “ logarithmic map:”

logQ : UQ ⊆M −→ TQM ; Qe 7−→ logQ

(
Qe

)
: Qe = Q uo logQ

(
Qe

)
(3.15)
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Since the exponential map is an addition operation, the logarithmic map can be viewed as

a subtraction operation, which tells us that the difference of two points is a vector:

logQ

(
Qe

)
= ∆ , Qe ·−oQ (3.16)

Now we study in more detail the existence and uniqueness of the logarithmic map.

Definition: We call a Riemannian manifoldM “ geodesically complete,” or simply “ complete,”

if, for all Q ∈M, the exponential map expQ is defined on all of TQM.

Lemma 3.5.2. A compact manifold is complete.

Proof. Based on Theorem 3.2.3, every vector field of a compact manifold is complete, thus
giving rise to a global geodesic flow. This guarantees that the exponential map is defined
everywhere. This shows the manifold to be geodesically complete.

Definition: A geodesic segment γ connecting two points Q1,Q2 ∈ M is said to be

“minimal” if it is distance realizing, e.g. if its length L(γ) is equal to the distance in

between the points d(Q1,Q2).

Lemma 3.5.3 (existence of minimal geodesic segment). If a (connected) Riemannian

manifold M is complete, then every two points Q1,Q2 ∈ M can be joined by a minimal

geodesic segment.

Proof. See the theorem of Hopf-Rinow, [61].

So, if we consider compact smooth manifolds, then they are also complete, and thus ex-

ponential maps are defined everywhere. However, even though each expQ is defined on

the whole tangent space TQM, it will in general not be a global diffeomorphism. In other

words, the logarithmic map is multi-valued, and so the minimal geodesic segments do exist,

but might not be unique. Now, we give additional definitions related to these concepts.

Definition: Let
(
Q,∆

)
∈ TM. The “ cut point” of Q along the geodesic γ determined by(

Q,∆
)

initial conditions is the first point on γ such that for any point beyond it γ is no

longer the distance minimizer. The set C(Q) of these points along the geodesics emanating

from Q is called the “ cut locus” of Q.
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Definition: A neighborhood U(Q) of Q ∈ M is said to be “ normal” or “ star-convex” if

every Qu ∈ U(Q) can be joined to Q by a unique minimal geodesic segment fully contained

in U(Q), [89].

Lemma 3.5.4. Let Q be a point on the complete (connected) Riemannian manifold M.

Then the set I(Q) = M\ C(Q) is an open normal neighborhood of Q. Moreover, I(Q) is

the maximal domain of the logarithmic map logQ.

Proof. See Sakai, [96].

The set I(Q) is called the “ interior” at Q. Its image via the logarithmic map

TI(0) , logQ

(
I(Q)

)
(3.17)

is called the “ tangential interior.” In fact, TI(0) is the maximal open neighborhood of

the origin at TQM that is diffeomorphic to the neighborhood I(Q) of Q in the manifold

M. Suppose the manifold is complete. Then for all the cut points the logarithmic map is

multi-valued. We define

TC(0) , logQ

(
C(Q)

)
(3.18)

to be the “ tangential cut locus.” It can also be viewed as a preimage of the cut locus in

the tangent space TQM via the exponential map. For the points in the tangential cut locus

the exponential map is not injective. Its image is the cut locus.

Informally speaking, the cut locus of Q is a border contour beyond which geodesic

segments having Q as a startpoint are no longer distance minimizing. In fact, Helgason,

see [52], has shown that the cut locus of a compact connected Riemannian manifold with

the Lie group structure is stratified, i.e. it is the disjoint union of its smooth submanifolds.

Because of this, cut locus is often conveniently visualized as a star-shaped contour. Another

reason for visualizing it as a star-shaped contour is because of star-convexivity of the interior

I(Q).

So far we saw that the set I(Q) is the largest open star-convex neighborhood of Q. In

additition to star-convex neighborhoods sometimes it is useful to consider convex neighbor-

hoods. We define them next.
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Definition: A neighborhood U(Q) of Q ∈M is said to be “ convex” if every two Qu,Qv ∈

U(Q) can be joined by a unique minimal geodesic segment fully contained in U(Q).

One particular example of open convex neighborhoods is a geodesic ball Br(Q) of sufficiently

small radius r. First, we start by defining a geodesic ball. Then, we talk about upper bounds

on the radius of a geodesic ball for it to be convex. A geodesic ball is defined as an image

of an open ball TBr(Q) in the tangent space TQM via the exponential map, where an open

ball in the tangent space is the interior of a hyper-sphere of dimension dim(M) − 1 and

radius r. One needs to define the largest radius r such that Br(Q) is convex. Clearly, r is

the distance from Q to the cut locus C(Q). The formal definition is given below.

Definition: Let Q ∈ M. The radius of the largest open convex ball about the origin in

TQM is called the “ radius of injectivity” of M at Q. The infimum of injectivity radii at

each point Q ∈M is called the radius of injectivity of M.

The following lemma relates the radius of injectivity to the cut locus.

Lemma 3.5.5. For a complete Riemannian manifold M, the injectivity radius at Q ∈ M

is the infimum of lengths of the geodesic segments connecting Q with each of its cut points.

Now we go back to the discussion on the difference of two points on the manifold. Let M

be a compact Riemannian manifold and let Q,Qe ∈ M be two points. We saw that if

point Qe belongs to the interior of point Q, i.e. Qe ∈ I(Q), then the logarithmic map is

diffeomorphic. Thus, ∆ = Qe ·−oQ exists and is well defined. Moreover, the pair
(
Q,∆

)
will uniquely define the path minimizing geodesic that connects the two points together.

Thus, in fact, this equation tells us that given two points on the manifold, we would like to

solve the two-point boundary value problem for the path minimizing geodesic connecting

these two points. As for the distance, we will have:

d (Qe ,Q) =
∥∥∆∥∥ =

∥∥Qe ·−oQ
∥∥ (3.19)

Finally, we should note that for some special matrix Lie groups, endowed with a canon-

ical bi-invariant metric, the exponential map and the logarithmic map coincide with the
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definition of the matrix exponential and the matrix logarithm, see [7, 8]. This is exactly

where the names of these maps come from. The matrix exponential is well defined, however

the matrix logarithm is not well defined and it is hard to compute. For example, see [39].

3.6 Expected values and barycentric combinations

In this section we first start by motivating the reader for the definition of barycentric

combinations. Then we define them formally and discuss conditions for their existence and

uniqueness. For further reading we refer the reader to books on statistical inference on

Riemannian manifolds, see [5, 84, 65].

Let M be a complete connected Riemannian manifold. Suppose Ψ is a sample space and

let Q : Ψ →M be a random object on M. Take some point Q ∈M and consider its interior

I(Q). It will be a star-convex open neighborhood of Q, and so logQ is a diffeomorphism

onto the tangent space TQM. Then for each x ∈ Ψ the value Q(x) ∈ M can be mapped

onto the tangent space at Q as:

logQQ
(
x
)

, logQ

(
Q(x)

)
= Q(x) ·−oQ (3.20)

In other words, the object Q ·−oQ = logQQ : Ψ → TQM is a random vector in the tangent

space TQM, and so one can consider an expected value E
(
Q ·−oQ

)
. Then to find the

expected value of Q, calculated around the point Q, one simply applies the exponential

map to go back from the tangent space to the manifold. So we will have:

EQ

(
Q
)

= Q uo E
(
Q ·−oQ

)
(3.21)

When the sample space Ψ is continuous, we can write:

EQ

(
Q
)

= Q uo

∫
Ψ

(
Q(x) ·−oQ

)
µ(x)dx ;

∫
Ψ

µ(x)dx = 1 (3.22)

Similarly, for the discrete case we have:

EQ

(
Q
)

= Q uo
∑
i∈Ψ

µi

(
Qi ·−oQ

)
;
∑
i∈Ψ

µi = 1 (3.23)
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One expects that assuming the points Q(x) in the constellation lie sufficiently close to each

other and that both Q and µ are well behaved measurable maps on M, then the expected

value should exist and be unique. Moreover, it should not depend on the choice of the point

Q around which we diffeomorphically mapped the manifold to the vector space. Recall

Equation (2.1) from Section 2.4 for the affine space, and compare it to Equation (3.23).

For the affine space, choice of the point around which we diffeomorphically mapped the

manifold to the vector space was not important. The final value did not depend on it.

Unfortunately, this is not, in general, the case for Riemannian manifolds. However, under

certain conditions, the expected value exists and is unique. For this reason, similar to the

affine case, one would like to simply write:

E
(
Q
)

,
∫

Ψ
Q(x)µ(x)dx ;

∫
Ψ

µ(x)dx = 1 (3.24)

and for the discrete case:

E
(
Q
)

,
∑
i∈Ψ

µiQi ;
∑
i∈Ψ

µi = 1 (3.25)

In fact, we do not even need to require the map µ to be a valid probability distribution,

i.e. to be non-negative. It is sufficient to require that µ be bounded and sum to 1. In this

case E
(
Q
)

is commonly called the weighted “ barycentric combination” of the constellation

of points Q with weights µ. Now we present more formal definitions.

Definition: Consider the following scalar cost function:

CQ
(
Q
)

,
1
2

∫
Ψ

∥∥∥Q(x) ·−oQ
∥∥∥2

µ(x)dx (3.26)

The set of points where CQ
(
Q
)

attains its global minimum is called the “Fréchet mean,”

while the set of points where it attains its local minimum is called the “Karcher mean” or

“Cartan mean,” [69, 62, 65].

Definition: The ball Br(Q) of radius r is said to be “ regular” if the supremum of the

sectional curvatures upon it is less than
(

1
r ·

π
2

)2, see [89, 66, 54, 65].
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Theorem 3.6.1 (Sufficient condition). Given the constellation of points Q, the Karcher

mean E
(
Q
)

is unique if ∃r s.t. Br

(
E(Q)

)
is a normal regular open ball fully containing Q.

Proof. See [65, 66, 54, 13].

Theorem 3.6.2 (Necessary condition). Consider the following force displacement map:

FQ
(
Q
)

, Q uo

∫
Ψ

(
Q(x) ·−oQ

)
µ(x)dx (3.27)

The cost function CQ
(
Q
)

has a critical point at Q if and only if FQ
(
Q
)

= Q.

Proof. This theorem tells us that the weighted sum of all forces (tangent vectors) at the mean
has to be zero. Frequently, these critical points are referred to as “Riemannian center of mass.”
The proof can be found in [89].

As far as the computation of expected values is concerned, we emphasize on two methods

of computing them. First method is exact, and utilizes some sort of non-linear minimization

of the cost function, given in Equation (3.26). This cost function is essentially the variance,

which is minimized when the true expected value is found. Moreover, this cost function is

convex if we take the normal regular ball of half radius of the one described in Theorem 3.6.1,

[65]. This result is due to Karcher. For example, one could consider a Newton method,

for which one needs to have some intrinsic manifold computations, [35]. These are the

exponential map, the logarithmic map, the parallel transport equation of a tangent vector

along a geodesic, and finally the sectional curvature equation. These computations allow

to obtain a gradient and a Hessian, see [34], of the cost function given in Equation (3.26)

in order to find the expected value. [35] discusses these computations as well as gives an

intrinsic Newton algorithm for naturally reductive homogeneous spaces. Other references

of interest can be found in [93, 92, 91].

Another approach is approximate. Under certain conditions one can compute an approx-

imate expected value explicitly and linearly, using only the exponential and the logarithmic

maps. The computation is performed directly based on Equation (3.23). First, one veri-

fies that Equation (3.23) allows approximate arbitrary parenthesization. Then the recursive

computation is performed till each group is left with two points. For a two point barycentric
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combination one uses an appropriately chosen point along the minimal geodesic segment

connecting these two points. We should note that in spite of the parenthesization chosen,

the final value will differ slightly, assuming the constellation of points was sufficiently nice.

From the practical application standpoint, this approximation could be sufficient enough.

Alternatively, it could be used as an initial guess into the non-linear minimization of the

cost function algorithm.

We derive this algorithm for the Grassmann manifold in Section 4.9, and show that the

values it produces result in insignificant to most applications bias. The same algorithm

might be applicable to other manifolds as well, however it is out of scope of this thesis.

Now, we present the notions developed in the previous sections as they apply to the

orthogonal group, which naturally forms a Riemannian manifold. These derivations will be

required later in Chapter 4.

3.7 Orthonormal group On as a Riemannian manifold

In this section we study the Lie group of orthogonal transformations. These derivations

are well known, and presented here for completeness. For further information we refer the

reader to [38, 33].

An orthogonal group On is given by On =
{
Q ∈ Rn

n : QTQ = I
}
. It consists of or-

thonormal square n×n matrices. Suppose On is naturally embedded in Rn
n with a canonical

Levi-Civita connection and the intrinsic inner product. Then the reader familiar with the

theory of embedded Riemannian manifolds would immediately be able to say that On is

the group with bi-invariant metric. Thus, geodesics are the one-parameter subgroup. How-

ever, in order to familiarize the reader with the concepts, we will derive the equation of the

geodesic from scratch. Suppose γ(t) = Qt is a smooth curve in On. By differentiating the

orthogonality condition QT
t Qt = I with respect to t twice we get:

QT
t Q̇t + Q̇T

t Qt = 0 (3.28)

QT
t Q̈t + 2Q̇T

t Q̇t + Q̈T
t Qt = 0 (3.29)
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From Equation (3.28), the set of all derivatives ∆ = Q̇ forms a tangent space at Q ∈ On:

TQ(On) =
{
∆ : QT∆ + ∆TQ = 0

}
(3.30)

We define the matrix K = QT∆. Then ∆ = QK. By substituting ∆ into the Equa-

tion (3.30), we get QT (QK) + (KTQT )Q = K + KT = 0, so matrix K must be skew-

symmetric. Then we can write the tangent space and its orthogonal normal space as:

TQ(On) =
{
∆ : ∆ = QK , KT + K = 0

}
(3.31)

NQ(On) =
{
∆ : ∆ = QS , ST = S

}
(3.32)

The canonical Riemannian metric of On coincides with the usual inner product of matrices:

〈
∆,∆

〉
Q

= trace
(
∆T∆

)
= −trace

(
K2
)

(3.33)

and after the standard process of polarization of bilinear forms one gets:

〈
∆1,∆2

〉
= trace

(
∆T

1 ∆2

)
(3.34)

An equation of the geodesic γ(t) = Qt is a second order differential equation for which the

second derivative lies in the normal space. If we write Q̈t = QtS ∈ NQt(On) for some

symmetric matrix S and plug it into Equation (3.29) we obtain:

S + 2Q̇T
t Q̇t + ST = 0 (3.35)

It follows S = −Q̇T
t Q̇t and Q̈t = QtS = −Qt(Q̇T

t Q̇t). Then the differential equation of the

geodesic γ(t) is given by:

Q̈t + Qt

(
Q̇T

t Q̇t

)
= 0 (3.36)

Another important equation is the equation of the parallel vector field of the tangent vec-

tor γ′(0) along the curve γ(t). But since γ(t) is a geodesic, the parallel vector field of

the γ′(0) will coincide with the geodesic’s velocity vector field γ′(t), and will be given by

γ′(t) = QtQT
0 Q̇0. Then it is easily verified that the solution to the initial value problem in
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Equation (3.36) for the geodesic vector field for On manifold is given by:

γ(t) = Q · eKt γ(0) = Q

γ′(t) = Q · eKt ·K γ′(0) = Q ·K
(3.37)

where K is an arbitrary skew-symmetric matrix. We can obtain the dimensionality of the

manifold On from the dimensionality of TQ(On). The dimensionality is the number of

degrees of freedom of skew-symmetric matrices:

dim(On) =
n(n− 1)

2
(3.38)

We can also write the geodesic equation using an addition operation of the initial point Q

to the initial tangent ∆ = QK:

γ(t) = Q uo t ·QK = Q · (I uo Kt) , Q · e0+Kt (3.39)

In particular, we will have:

expQ

(
QK

)
= Q uoQK = Q · eK (3.40)

so, one can see that the exponential map, i.e., the addition of a point to a vector, in this

particular example is defined via the skew-symmetric matrix exponential. In fact, this is

true for all matrix Lie groups, see [8, 38]. The computation of the matrix exponential is

straight forward and is described in [79]. We can also express the subtraction of two points

that is the logarithmic map as:

logQ

(
Q · eK) = Q · eK ·−oQ = Q ·

(
eK ·−o I

)
= Q ·K (3.41)

so it is clear that subtraction of two points will be given via the matrix logarithm operation.

It is well known that the matrix exponential is surjective, so matrix logarithm does exist,

however it is not unique, [39]. Moreover, it is complex valued. Note that the orthonormal

group is compact, so the logarithmic map exists and is unique for points that lie within the

interior of each other, as discussed in Section 3.5. The logarithm corresponding to the value

of the logarithmic map is called the “ principal matrix logarithm.” Its computation is not

trivial, [28, 53], and is a continuous topic of research.
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We should also note that On is a compact manifold and thus is complete, but it is

not connected. Its consists of two connected components SO+
n and SO−

n consisting of

orthonormal matrices of positive, and correspondingly, negative determinant. Thus, points

from two different components cannot be joined by a geodesic, [38].

As far as the computation of expected values and barycentric combinations goes, there

are a number of papers that discuss the notion of a mean rotation. For example, see [78].

This paper discusses the computation of the Riemannian mean for a constellation of points

that lie along the same minimal geodesic segment. They show that for a constellation of n

points the mean is the n-th root of their product that yields the minimal value of the cost

function (3.26). As one can see, this explicit formula is computationally not very efficient.

Moreover, as far as we know, there is no explicit formula for computing the Riemannian

mean for the general case, but it can be computed using some form of non-linear iteration

[101].

The formulas that we obtained here for the orthonormal group will be used in Chapter 4.

3.8 Summary

In this chapter we addressed background material in the theory of embedded Riemannian

manifolds that is necessary for the understanding of the consecutive chapters. We started by

explaining the notions of tangent spaces and the tangent bundle of the manifold, vector fields

and flows, geodesics and associated geodesic vector fields, the notions of distance. Then we

presented the reader with an intuitive representation for the exponential map as an addition

of a vector to a point, and its inverse — the logarithmic map — as a subtraction of two

points. In addition we gave various definitions for the mean on a Riemannian manifold

and defined a notion of barycentric combinations. Finally, we applied these notions on the

example of the orthogonal group On when it is considered as an embedded Riemannian

manifold.
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4. COMPUTATIONS ON THE GRASSMANN

MANIFOLD AND AFFINE INVARIANCE

4.1 Preliminaries

In mathematics, a “Grassmannian” Grn,p(F) is the space of all p-dimensional subspaces of

an n-dimensional vector space Fn. Alternatively, one can view a Grassmannian to be the

space of k-dimensional hyperplanes of Fn passing through the origin. Therefore it can be

thought of as a generalization of projective space. Grassmannian carries a natural geometric

structure derived from Fn. In particular, when Fn is simply Rn, the Grn,p , Grn,p(R) can

be given the structure of a smooth manifold embedded in Rn. The Grn,p is called a real

“Grassmann manifold.”

We remind the reader that in Chapter 2 we introduced an injection that maps GAp-

invariant shapes into the Grassmann manifold. Thus, for affine-invariant shape represen-

tation each shape is simply a point of the Grassmann manifold. In this chapter, we focus

on efficient geometric algorithms on the Grassmann manifold Grn,p. First, we introduce the

numerical representation of points on the Grassmann manifold. Then, we derive formulas

that allow computation of basic notions required for most algorithms, such as distance be-

tween two points, sample mean of k points, etc. To our best knowledge these formulas are

new and have never been published anywhere else, unless we comment otherwise by giving

a reference.

4.2 Efficient numerical representation for points on Grn,p

Each point of the Grassmann manifold is a p-dimensional subspace of Rn. Let p ∈ Grn,p and

consider an n×p orthonormal matrix Y that forms a basis of p. Then clearly p = span(Y).
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Let us also pick any completion of Y to form a full basis for Rn. It will be an n× (n− p)

orthonormal matrix Y⊥ such that YTY⊥ = 0. We also form a third orthonormal matrix:

Q
n×n

,

[
Y

n×p
Y⊥

n×n−p

]
(4.1)

which is a basis to the full space Rn. Clearly, one can uniquely identify the p-dimensional

subspace p by either one of the three matrices: Y, Y⊥, or Q. Identification by Y is trivial.

To see in the case of Y⊥ observe that span(Y⊥) will be an (n − p)-dimensional subspace

of Rn, perpendicular to p and complementing it to full vector space Rn. So we can easily

recover p if we were given the Y⊥ matrix. In fact, one can see that Grn,p and Grn-p,p are

isomorphic to each other. For this reason, we can always assume that p ≤ n
2 . A similar

argument can be applied to the Q matrix. It carries just enough information to recover p.

We shall note that the representation of p by either one of Y, Y⊥, or Q is surjective but

not injective. In other words, there will be more than one n × p orthonormal matrices Y

that map to the same p. In order to make the mapping injective, we consider left cosets of

appropriatly chosen groups with respect to the above matrices. In Chapter 2 we introduced

a notion of left cosets a.k.a. equivalency classes or simply orbits. Consider the group Op

of all p × p orthonormal matrices. Then, the left coset of Op with respect to matrix Y is

given by:

dYc, dYcOp = YOp =
{
Y·Vp : Vp ∈ Op

}
(4.2)

In other words, the left coset with respect to Y consists of all possible orthonormal basis

that span the same p-dimensional subspace p. Similarly, we will have

dY⊥c, dY⊥cOn-p = Y⊥On-p =
{
Y⊥·Vn−p : Vn−p ∈ On-p

}
(4.3)

Even though the group under consideration is different in both cases, for simplicity of

notation we will simply write dYc instead of dYcOp and dY⊥c instead of dY⊥cOn-p . The

reader should not get confused as the group dimensionality can be simply guessed from

the dimensionality of the matrix. We remind that the matrix Y has p columns, while the

matrix Y⊥ has (n− p) columns. We combine dYc and dY⊥c together in order to obtain a



4. Computations on the Grassmann Manifold and Affine Invariance 57

similar expression for the left coset of (Op×On-p) with respect to matrix Q. As before, we

define the shorthand notation dQc, dQc(Op×On-p) = Q(Op ×On-p) and write:

dQc=

Q ·

 Vp 0

0 Vn−p

 :
Vp ∈ Op

Vn−p ∈ On-p

 = Q ·

 Op 0

0 On-p

 (4.4)

This formula shows that we allow a simultaneous change of basis within both the p-

dimensional subspace spanned by the first p columns of Q and the (n − p)-dimensional

subspace spanned by the last (n − p) columns of Q without allowing changes to the sub-

spaces themselves. Thus, any representative from the left coset dQc will be identifying the

same point p of the Grassmann manifold.

We now summarize the results in the following lemma.

Lemma 4.2.1. Either one of dYc or dY⊥c or dQc left cosets are bijective representations of

the point p on the Grassmann manifold Grn,p, and we simply write p = dYc= dY⊥c= dQc.

Proof. Proof is trivial and well known. We refer the reader to [38] for further information.
We just note that these representations arise naturally from the construction of the Grassmann
manifold as a quotient of various well known Lie groups. In particular, in order to get the dYc
representation, one needs to consider Grn,p = Gfn,p/Op. The dY⊥c representation comes from
the fact that Grn,p and Grn-p,p are isomorphic to each other. Finally, the dQc representation is
derived by considering Grn,p = On/(Op ×On-p)

Throughout the chapter, we will use all three notations for representing points on the

Grassmann manifold. Depending on a particular scenario, we may need to use one or

another representation in order to derive certain formulas. However, in order to represent

points of the Grassmann manifold numerically, we follow the approach given in [33]. We

store points numerically using any n × p matrix Ŷ ∈ dYc, and we give final formulas in

the form that will operate on these matrices. For most practical applications, p is generally

very small (for example, for 3D shapes p = 3), so this representation is very efficient.

As a side note, we should mention that these representations are not the only possible

choices. For example, one could use Grassmann (Plücker) coordinates, see [112, 71, 55, 74],

or projection matrices for subspaces, see [27, 51, 88]. Especially interesting are the results

presented in [27], where the Grassmannian Grn,p equipped with the chordal metric, which
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Fig. 4.1: Obtaining a canonical representation of the shape ‘L’ for storage

is the straight-line Euclidean distance in between the projection matrices, is shown to be

isometrically embedded in Rd where d = n(n+1)
2 − 1 and does not depend on p. Moreover,

it is shown that a family of all Grn,p with n being fixed and p taking all possible values, lie

on a hyper-sphere in Rd × R1 of radius
√

n
2 . Representations by (Plücker) coordinates and

by projection matrices are either not memory efficient or hard to work with for deriving

efficient algorithms. We do not use them in this work.

Now we briefly summarize one more time the connection between affine-invariant shapes

and points on the Grassmann manifold and the canonical representation of shapes in mem-

ory for storage and retrieval requirements by going through a quick example. In this example

we consider a 2D shape for the capital letter ‘L’. Consider a view of this shape given on

the left in Figure 4.1. This shape is composed of seven particles. Each particle has (x, y)

coordinates. Also, in this example we assume that particles are labeled 1 through 7. We
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stack the coordinates of the particles according to the ascending order of their labels into

the matrix X as shown on the left of Figure 4.1. As a side note, if particles were not labeled,

then we would stack their coordinates into matrix X in any arbitrarily picked order. As

one may recall, this matrix X belongs to the set of configurations SCn,p, shown in the third

block of the diagram of Figure 2.2. We perform three pre-processing steps on the 7 × 2

matrix X. The first step is removing the translation ambiguity by shifting the coordinate

axes to the center of mass of the shape view. The center of mass is found by calculating

the column-wise mean of X. One finds that the column-wise mean(X) =
(
1.71, 2.00

)
in

this example. We subtract it from each row in order to obtain a centered configuration Xc

and associated with it a centered view, as shown in the middle of Figure 4.1. Xc obtained

in this way belongs to the set of centered configurations SMn,p, as depicted in the fourth

block in the bottom left corner of Figure 2.2. The second step is a simple check to verify

that Xc is rank-2 matrix. Once the shape passes this check, it is a point of the non-compact

Stiefel manifold GF(7,2), as shown in the fifth block of Figure 2.2. Note that only shape views

that have particles located along a straight line fail this check. Also, 2D shape views whose

particles are located almost along a straight line will be rank-2, but will have a really bad

condition number. Essentially, views of such shapes are so badly distorted by a 2D affine

transformation that the information about the shape cannot be reliably recovered from

these views. Such views should also be omitted. The third and final step is a projection

onto the Stiefel manifold Gf7,2. It is obtained by means of a compact SVD decomposition.

First, we decompose the matrix Xc = USV T via a compact SVD. Then we replace the

singular values with ones and construct an orthonormal 7× 2 matrix Y = UIV T , as shown

on the right of Figure 4.1. One notes that the obtained orthonormal matrix Y still has a

zero column-wise mean. This 7 × 2 matrix Y is the representation of the shape ‘L’. It is

used for storage and retrieval, and is an input to the formulas that will be presented further

in this dissertation. Shape itself will be a left coset dYc ∈ Grn,p, which is a point of the

Grassmann manifold, as we already discussed. One should note that the obtained matrix

Y is just one of the possible representations of the shape. We are not obtaining a canonical
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representative of the left coset dYc, as opposed to the method in [45]. Instead, we are going

to derive formulas that are invariant to choice of a representative of the left coset dYc.

4.3 Representing Grassmann manifold Grn,p as a quotient manifold

In this section we give a representation of the Grassmann manifold as a quotient of lie

groups Grn,p = On/(Op × On-p). These derivations are well known, and presented here for

completeness. For further information we refer the reader to [38, 33, 1, 110, 113, 52, 96].

We start by picking some orthonormal n×n matrix Q ∈ On and its tangent ∆ ∈ TQ(On)

as was presented in Section 3.7. Also recall that we showed that matrix K = QT∆ is skew-

symmetric.

Now we fix p ≤ n
2 . Recall from Section 4.2 why this is possible. We decompose Q, ∆,

and the skew-symmetric matrix K into block matrices as follows:

Q
n×n

=
[

Y
n×p

Y⊥
n×n−p

]
(4.5)

∆
n×n

=
[

H
n×p

H⊥
n×n−p

]
(4.6)

K
n×n

=

 F
p×p

−RT

p×n−p

R
n−p×p

G
n−p×n−p

 (4.7)

where F and G are skew-symmetric and R is an arbitrary matrix. Now we can rewrite a

general form of a tangent ∆ = QK as:

∆ =
[

H H⊥

]
=
[

YF + Y⊥R −YRT + Y⊥G

]
(4.8)

The dimensionality of the manifold Grn,p = On/Op ×On-p is given by:

dim(Grn,p) = dim(On)− dim(Op)− dim(On-p) = p(n− p) (4.9)

A point dQc ∈ Grn,p ≡ On/Op×On-p on the Grassmann manifold is given by Equation (4.4).

The tangent space TQ(On) at Q ∈ On, as given by Equation (3.31), will also get split into

two components, the vertical component VQ(On) and the horizontal component HQ(On).

The vertical component is defined such that by taking any vertical tangent and making a
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move along the geodesic in On produces no move in the quotient space Grn,p = On/Op×On-p.

From Equation (4.8), it is easy to see that:

∆V =
[

YF Y⊥G

]
= Q ·

 F 0

0 G

 (4.10)

∆H =
[

Y⊥R −YRT
]

= Q ·

 0 −RT

R 0

 (4.11)

The fact that a move from point Q = Q0 ∈ dQc along the geodesic in On in the direction

of a vertical tangent will move us to point Qτ ∈ dQc, which is still the same point in

the quotient space dQc ∈ Grn,p, can be verified by plugging ∆V from Equation (4.10) into

Equation (3.37):

Qτ = Q0 · exp

 F 0

0 G

 t

 = Q0 ·

 eFt 0

0 eGt

 = Q0 ·

 Vp 0

0 Vn−p

 ∈ dQc (4.12)

The tangent space of a point on the Grassmann manifold is in bijective correspondence with

the horizontal component TdYc(Grn,p) ∼= TdQc(Grn,p) ∼= HQ(On) under the natural projection.

Thus, tangent spaces for the Grn,p are of the form:

TdQc(Grn,p) =

d∆c : d∆c= dQc ·

 0 −RT

R 0

 (4.13)

where R is an arbitrary (n − p) × p matrix. In fact, one can immediately verify that the

dimensionality of the Grassmann manifold Grn,p, which is the same as the dimensionality

of its tangent space TdQc(Grn,p), is the p(n− p) degrees of freedom of the matrix R. Equa-

tion (4.13) is the general form of the tangent space. In particular, when we study the

Grassmann manifold by working only with the subspace spanned by the first p-columns

given by Y, we can identify the tangent space by:

TdYc(Grn,p) =
{
dHc : dHc= dY⊥c ·R

}
(4.14)

The canonical Riemannian metric on the Grassmann manifold when it is considered as an

embedding in the Stiefel manifold, i.e., Grn,p = Gfn,p/Op, is given by:〈
dHc, dHc

〉
dYc

= trace
(
HTH

)
= trace

(
RT R

)
(4.15)
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Thus, it coincides with the canonical Euclidean metric of Rn
p . Similarly, when Grn,p is

considered as an embedding in the orthogonal group, i.e., Grn,p = On/(Op × On-p), its

canonical metric coincides with the metric of On up to multiplication by 1
2 and is given by:

〈
d∆c, d∆c

〉
dQc

=
1
2
trace

(
∆T∆

)
= − 1

2
trace

(
K2
)

(4.16)

where the matrix ∆ = QK, see Equation (3.31), with K skew-symmetric. Moreover, ∆ is

the restriction to the horizontal space, i.e., it is of the form given by Equation (4.11). Since

trace
(
RT R

)
= − 1

2trace
(
K2
)

for horizontal tangents, one immediately verifies that the two

definitions of the canonical metric coincide.

Equation (3.37) of the geodesic and of its velocity vector field in On will also be the

equation of the geodesic and of its velocity vector field in Grn,p where we take tangents of the

form given by Equation (4.11). But these equations can be written in more computationally

efficient form, when we are dealing with tangents of the form in Equation (4.14).

4.4 Linear solution for the geodesic flow — the exponential map

Edelman, Arias, and Smith [33] have proposed a computationally practical way of defining

equations for the geodesic and its geodesic vector field, given an initial point and a tangent

direction at the point. More general equations are given in [1]. This is known as an initial

value problem in the theory of differential equations. Their approach does not require an

explicit formula for the connection. For completeness, we present their result below.

Consider a point dY0c ∈ Grn,p on the Grassmann manifold and let Y0 ∈ dY0c be a

representative of the orbit. Also take H0 to be a valid tangent vector at Y0. Then according

to the Theorem 3.3.2 there exists a unique geodesic γ given by:

γ̇
∣∣
γ

= Π
(
dY0c, dH0c

)∣∣∣
γ

: γ̇
∣∣∣
γ
(0) =

(
γ(0), γ′(0)

)
=
(
dY0c, dH0c

)
(4.17)

We perform an SVD decomposition of H0 = UEV T . We define matrices Ct = cosm(t·E)

and St = sinm(t·E) to be the matrix-cosine and matrix-sine, which are defined well for

symmetric matrices, [76]. In case of the diagonal matrix E, these will also be the diagonal
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matrices with diagonal elements that are the cosine and sine of the corresponding elements

in E. The result is given by the lemma:

Theorem 4.4.1. The equation for the geodesic velocity vector field γ̇
∣∣
γ

at time t with the

initial values at time t = 0 is given by:

γ(t) =dYtc = dY0c · V CtV
T + dH0c · V StE

−1V T γ(0)=dY0c

γ′(t)=dHtc = −dY0c · V StEV T + dH0c · V CtV
T γ′(0)=dH0c

(4.18)

Proof. This result is derived in [33]. We give it here for completeness. Note that p ≤ (n−p)
and let us decompose R from Equation (4.8) using an SVD decomposition as follows:

R
n−p×p

=
[

U
n−p×p

W
n−p×n−2p

]
·

 E
p×p

0
n−2p×p

 · V
p×p

T = U · E · V T (4.19)

Given this SVD decomposition, it is easily verified that:

K =

[
0 −RT

R 0

]
=

[
V 0 0
0 U W

]
·

 0 −E 0
E 0 0
0 0 0

 · [ V 0 0
0 U W

]T

(4.20)

Using the fact that eAXA−1
= AeXA−1, we can write:

eKt =

[
V 0 0
0 U W

]
·

 Ct −St 0
St Ct 0
0 0 I

 · [ V 0 0
0 U W

]T

(4.21)

where Ct = cosm(Et) and St = sinm(Et) are matrix-cosine and matrix-sine. Then:

Q0e
Kt =

[
Y0V CtV

T +Y⊥0UStV
T −Y0V StU

T +Y⊥0UCtU
T +Y⊥0WWT

]
(4.22)

But H0 = Y⊥0R = Y⊥0UEV T , so we can write Y⊥0U = H0V E−1. Also, we note that
UT W = 0. Then Equation (4.22) becomes:

Q0e
Kt =

[
Y0V CtV

T +H0V E−1StV
T −Y0V StU

T +H0V E−1CtU
T
]

(4.23)

Post-multiplying by K and substituting UT R = EV T we get:

Q0e
KtK =

[
−Y0V StEV T +H0V E−1CtEV T −Y0V CtV

T RT−H0V E−1StV
T RT

]
(4.24)

Finally, from Equations (3.37), (4.23), (4.24) we obtain the equations for the geodesic vector
field by constraining ourself to working just with the subspace spanned by the first p-columns
given by Y0, and by going from Y0 to its orbit dY0c.
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Fig. 4.2: A geodesic flow in a random direction

Recall from Section 3.5 that the Equation (4.18) gives us a solution for the exponential

map, i.e. an addition of a vector to a point. We can also compute distances. Suppose we

have a geodesic γ defined via the initial value Equation (4.18) of the geodesic. Recall that

Theorem 3.4.2 gives us a general form of computing distances along this geodesic. Let γ(t1)

and γ(t2) be these two points lying sufficiently close to each other (to be more exact, within

the interior of each other, as discussed in Section 3.5). Then we have:

d
(
γ(t1), γ(t2)

)
=
∥∥∥dH0c

∥∥∥·∣∣t1 − t2
∣∣ (4.25)

In fact, one can easily verify the theorem by verifying the fact that the norm of dHtc is

constant and is equal to:∥∥∥dHtc
∥∥∥

γ(t)
=
∥∥∥dH0c

∥∥∥
γ(0)

=
√

trace
(
HT

0 H0

)
=
√

trace
(
RT R

)
=
√

trace
(
E2
)

(4.26)

So the distance on the Grn,p manifold along the geodesic from Equation (4.18) is simply:

d
(
γ(t1), γ(t2)

)
=
√

trace(E2)·
∣∣t1 − t2

∣∣ (4.27)

This equation only tells us how to compute distances along a predefined geodesic. It does

not tell us how to compute distance between two arbitrary points on the Grn,p. The general

formula will be given later on in this chapter.

Now we illustrate the geodesic flow from Equation (4.18) by example. In Figure 4.2

we present a geodesic flow defined by the initial shape dY0c ∈ Gr500,2 and the tangent
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direction dH0c. In this example, we take our initial shape to be a contour of a pentagon.

We pick a tangent direction dH0c randomly from all tangent vectors at dY0c. Then, we start

moving on the geodesic defined by Equation (4.18), and compute intermediate shapes at a

distance d =
√

2π
2 0.04 from each other for a total of 25 equally spaced shapes along the same

geodesic. Note that all these shapes are also defined by 500 points as the original pentagon.

The shapes we obtain are not likely to be shapes that we would see in real life. This shows

that there are lots of shapes in the shape space that have a very small a-priori probability

of happening in the real world. Also, this shows that the tangent vectors that are likely to

be followed do have a certain structure. Thus, the problem we would like to solve is quite

different from the solution given by Equation (4.18). Instead of defining the equation for

the geodesic velocity vector field given an initial point and a tangent direction at the point,

it is much more important in applications to define the equation for the geodesic segment

connecting an initial point and a final point on Grn,p. In other words, we are interested in

finding a solution for the logarithmic map on the Grassmann manifold Grn,p. The result is

presented in Section 4.8, and the preliminaries are given in the following Sections.

4.5 Principal angles, cut locus, and bounds on radii of regular balls

The Grassmann manifold Grn,p is a compact globally symmetric manifold, [16, 52]. Recall

from Section 3.5 that compactness guarantees (geodesic) completeness. So every two points

dY0c, dYτc ∈ Grn,p can be joined by a geodesic segment of length d
(
dY0c, dYτc

)
. Moreover,

if they lie within the interior of each other, then the geodesic segment will also be unique.

For this reason, we first give in this section the properties of the cut locus and the interior

on the Grassmann manifold. Then in the subsequent sections we solve for the logarithmic

map dH0c = dYτc ·−o dY0c such that dY0c uo dH0c = dYτc. The solution is broken down

in a few steps. In the first step, we define a barycentric combination of two points. We

give a formula for computing an equal weight barycentric combination of two points, a.k.a

a computation of the midpoint in between two points. Simultaneously, we solve for the

logarithmic map at the midpoint. Combining this result with the solution of the exponential
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map we give a general form for the logarithmic map. It allows us to give a solution for the

geodesic segment connecting two points. This is the two-point boundary value problem of

the geodesic. Finally, we give a general form for the barycentric combination of two and

more points. The barycentric combination allows us to define the mean of a family of points

and to study higher-order statistics in the tangent space attached at the mean.

Definition: Let dY0c, dYτc ∈ Grn,p be two points. Recall that each point on the Grassmann

manifold is a p-dimensional subspace of Rn. Then the stationary values in between the

subspaces are called the “ principal angles” or the “ canonical angles” in between these two

subspaces, see [15, 40, 75].

The notion of canonical angles between subspaces goes back to Jordan, see [59, 90, 26].

Since each point is a p-dimensional subspace of Rn, there will be n angles of which at

most p can be nonzero. The cosines of the principal angles between the column spaces of

orthonormal matrices are efficiently computed using the Björck-Golub algorithm, [15, 40].

Consider an SVD decomposition:

Y0
TYτ = V0CτV

T
τ (4.28)

Then the diagonal matrix Cτ will contain p cosines of the principal angles on its diagonal. To

find the principal angles compute Eτ = acosm(Cτ ), where acosm(·) is a matrix arc-cosine.

For diagonal matrices, it is given by computing arc-cosines of elements along the diagonal.

This is a straightforward cosine based algorithm given in [15, 40]. However, this algorithm

cannot provide accurate results for small angles because of the presence of round-off errors.

We highly recommend using a more stable implementation. For example, see [67, 31] for

combined sine-cosine based algorithms. Now, we study the cut locus. Good references on

this topic are [95, 107, 108, 63].

Lemma 4.5.1. Let dY0c, dYτc ∈ Grn,p be two points on the Grassmann manifold and let

(φi) : i = 1 . . . p be the principal angles in between two points. Then the length of a geodesic
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segment γ joining them is given by:

L(γ)
∣∣∣dYτ c

dY0c
=
( p∑

i=1

φ2
i

) 1
2 (4.29)

Moreover, if each of the angles φi < π
2 , then the geodesic segment will be the unique geodesic

segment of shortest length d
(
dY0c, dYτc

)
.

Proof. See [107].

Theorem 4.5.2 (Distance between two points). Let dY0c, dYτc ∈ Grn,p be two points

on the Grassmann manifold. Then distance in between them is given by:

d
(
dY0c, dYτc

)
=
√

trace(E2
τ ) (4.30)

where Eτ = acosm(Cτ ) is a matrix from the SVD decomposition given in Equation (4.28).

Proof. Proof is trivial, and is a direct consequence of Lemma 4.5.1. The principal angles
in the matrix Eτ = acosm(Cτ ) will automatically be less than or equal to π

2 . To see this
one can observe that the diagonal entries of Cτ are the singular values and will always be
non-negative. In fact, one can show that they will be in the range [0, 1] since both Y0 and
Yτ are orthonormal. At the same time, acos : [−1, 1] → [0, π] is a monotonically decreasing
function with acos(0) = π

2 and acos(1) = 0.

Based on proof of Theorem 4.5.2 and Lemma 4.5.1, one notes that the only singularity is

achieved and the geodesic segment will not be unique when one of the principal angles is

exactly π
2 . We summarize the result in the following theorem.

Theorem 4.5.3 (cut locus theorem). Let dY0c, dYτc ∈ Grn,p be two points. dY0c is in

the cut locus of dYτc and dYτc is in the cut locus of dY0c if and only if at least one of the

principal angles in between them is equal to π
2 .

Proof. See [107].

Observe that as a consequence of this theorem one can easily see that the maximal

distance will be achieved when all principal angles are π
2 , so for any dY1c, dY2c ∈ Grn,p we

have:

0 ≤ d
(
dY1c, dY2c

)
≤ π

2
√

p (4.31)
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For practical purposes it is convenient to normalize the distance so that it is in the range

[0, 1]. We define the normalized distance below.

Definition: Normalized distance on the Grassmann manifold Grn,p is defined to be:

dn

(
dY0c, dYτc

)
=

1
π
2

√
p
·
( p∑

i=1

φ2
i

) 1
2 =

1
π
2

√
p
·
√

trace(E2
τ ) (4.32)

where φi are the principal angles in between two points. It takes values in the range [0, 1].

Recall from Section 3.5 that the interior I(dY0c is star-convex and it contains a maximal

convex open ball of the injectivity radius. We compute the injectivity radius next. The

injectivity radius at a certain point is found by minimizing the distance from the point to

the cut locus. Its minimum is achieved when exactly one of the principal angles is π
2 while

all remaining (p−1) are zero. Thus, the radius of injectivity at every point is the same and

is the radius of injectivity r of the manifold Grn,p. It is given by:

r =
π

2
(4.33)

Similarly, the normalized radius of injectivity is given by:

rn =
1

π
2

√
p
· π

2
=

1
√

p
(4.34)

For example, for p = 2 we have rn ≈ 0.7071, and for p = 3 we have rn ≈ 0.5774 with the

maximal normalized distance being 1. In the next section we study barycentric combination

of points that lie in a convex regular open ball. So both the radius of injectivity and the

radius of largest regular ball are quite important. They tell us how big the open ball can be

for the barycentric combination to exist and be unique. Recall the result of Theorem 3.6.1.

It gives a sufficient condition for the uniqueness of the Karcher mean as a bound in terms of

the sectional curvature. For this reason, we first present bounds on the sectional curvature

of the Grassmann manifold Grn,p.

Lemma 4.5.4. The sectional curvature of the real Grassmann manifold Grn,p(R) satisfies:

0 6 KGrn,p 6 1 (4.35)
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We refer the reader for this result to [109], [102]. We should note that Wong in his paper,

[109], gives a bound on the sectional curvature to be KGrn,p 6 2. However, the canonical

metric from Equation (4.16) in this work does not have the normalizing coefficient of 1
2 .

This should explain the discrepancy between Equation (4.35) and Wong’s bound. Formula

for computation of the sectional curvature as well as bounds on it are given in [102]. Now

we compute the radius of the largest regular ball.

Theorem 4.5.5. Every open normal ball on the Grassmann manifold is a regular ball.

Proof. Based on Theorem 3.6.1, the sufficient condition for the ball to be regular is given
from the solution of KGrn,p 6 1 <

(
1
r ·

π
2

)2. So we get a condition r < π
2 . But recall that the

radius of injectivity is π
2 from Equation (4.33). Thus, every normal open ball, i.e., open ball

of the radius less than π
2 , will be regular as well.

In this section we studied the maximal radius of the normal regular open ball on the

Grassmann manifold. In a way, these are “convex” balls that enjoy nice properties. For

example, harmonic maps with values in a “convex” balls have a regularity and uniqueness

of weak solutions. In particular, barycentric combinations exist and are unique. Also, one

could consider probability distributions supported on such balls as well as other related

concepts.

Now, we redefine the barycentric combination of two points.

4.6 Barycentric combination of two points redefined

We start by giving an alternative definition of a barycenter of two points via their mini-

mal geodesic segment. Then we show that the definition coincides with the one given in

Section 3.6.

Definition: Let µ1, µ2 be scalars summing to 1, and dY1c, dY2c ∈ Grn,p be two points

within the interior of each other. This guarantees that they can be connected by the unique

minimal geodesic segment γ defined by the boundary values γ(τ1) = dY1c and γ(τ2) = dY2c,

see Section 3.5. We define their “ barycentric combination,” or simply the “ barycenter,” to
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Fig. 4.3: Barycentric combination of two points

be the point dYbc, γ(µ1τ1 + µ2τ2) and we write:

dYbc= µ1 · dY1c+ µ2 · dY2c (4.36)

We should note that when scalars µ1, µ2 are non-negative then both points dY1c and dY2c

are guaranteed to be within the interior of the barycenter dYbc, so it will be well defined.

However, when one of the scalars is taken largely negative, the geodesic segment γ could

extend past the cut locus and will fail to be distance realizing. In such a case, the definition

of the barycenter is ill defined. We establish the result in the following theorem.

Theorem 4.6.1 (sufficient condition). The barycenter dYbc defined in Equation (4.36)

exists and coincides with the unique Karther mean if dY1c, dY2c ∈ Br

(
dYbc

)
where r is the

radius of the largest regular convex ball as given in Equation (4.33).

Proof. First we need to check for the necessary condition given in Theorem 3.6.2. Essentially,
we need to verify that all forces at dYbc sum to zero. Let γ be the minimal geodesic segment
connecting γ(τ1) = dY1c and γ(τ2) = dY2c. Recall that the Grassmann manifold is complete.
Thus, the geodesic γ gives rise to the global geodesic flow, per Section 3.3:

γ(t) = γ(τ1) uo (t− τ1) ·
(
γ(τ2) ·−o γ(τ1)

)



4. Computations on the Grassmann Manifold and Affine Invariance 71

On the other hand, every global flow is a one-parameter group action, see Theorem 3.2.2.
Denote by ∆ =

(
γ(τ2) ·−o γ(τ1)

)
and consider the following barycentric combination of forces:

F (τb) = µ1

(
γ(τ1) ·−o γ(τb)

)
+ µ2

(
γ(τ2) ·−o γ(τb)

)
=

= µ1

(
− (τb − τ1)

)
∆ + µ2

(
(τ2 − τ1)− (τb − τ1)

)
∆ =

=
(
µ1τ1 − µ1τb + µ2τ2 − µ2τb

)
∆ = 0 ·∆ = 0.

On the other hand, since the ball Br

(
dYbc

)
is convex and regular and contains both points,

based on the sufficient condition in Theorem 3.6.1, the Karcher mean exists and is unique.
So it must coincide with the critical point dYbc.

We illustrate the definition of the barycentric combination of two points by Figure 4.3.

In this figure, we show a geodesic γ(t) connecting the two points γ(τ1) and γ(τ2). It is

displayed as a curve on the half-sphere. We also show a tangent plane attached at a point

γ(0). An image of the geodesic on the tangent plane is a straight line. Then an affine

combination of two points along this straight line will remain on this line. It will be a point

reached at τb = µ1τ1 + µ2τ2. It will correspond to the point γ(τb) on the manifold.

As one can see, the barycentric combination of two points requires obtaining a geodesic

given initial and final values. This is a 2-point boundary value problem. We solve it next.

We proceed as follows. First, we derive a linear and efficient solution for a barycentric com-

bination of two points with equal weights. Then, we extend this solution to the barycentric

combination of two points with arbitrary weights summing to one. In the later sections we

also give an explicit linear algorithm for computing a barycentric combination of k points.

4.7 Linear solution for the midpoint of two points

Consider two points dY0c, dYτc ∈ Grn,p on the Grassmann manifold that lie within the

interior of each other with the distance τ = d
(
dY0c, dYτc

)
in between them. Let γ(t) be

the minimal geodesic segment connecting these two points with the initial and final values

given by γ(0) = dY0c and γ(τ) = dYτc. The following lemma gives equations for the mid-

point dYmc= γ( τ
2 ) of the minimal geodesic segment and its velocity vector dHmc= γ′( τ

2 )

at the mid-point.
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Lemma 4.7.1. The equation for the geodesic velocity vector field γ̇
∣∣
γ

at time τ
2 with the

initial and final values at times t = 0 and t = τ is given by:

γ( τ
2 ) =dYmc = 1

2

(
dYτc · Vτ + dY0c · V0

)
· C−1

m V T
0 γ(0)=dY0c

γ′( τ
2 )=dHmc = 1

2

(
dYτc · Vτ − dY0c · V0

)
· S−1

m EV T
0 γ(τ)=dYτc

(4.37)

where the rotation matrices V0, Vτ are found from an SVD decomposition:

Y0
TYτ = V0CτV

T
τ (4.38)

and (based on Section 4.5) Cτ is a cosine of principal angles. Define Eτ = acosm(Cτ ), then

compute the distance τ = ‖E2
τ‖F =

√
trace(E2

τ ) and a unit-distance matrix of principal

angles E , Eτ/τ . In addition, define Cm = cosm(E τ
2 ) and Sm = sinm(E τ

2 ).

Proof. Recall, from the Equation (3.37) of the geodesic we have γ(τ) = γ(0) · exp
(
Kτ
)
,

where K is of the form given in Equation (4.7). Then we can write:

[
Yτ Yτ⊥

]
=
[

Y0 Y0⊥

]
· exp

([
F −RT

R G

]
τ

)
(4.39)

But, as it was shown in Equation (4.12), vertical movements only result in two independent
rotations in the subspace of Yτ and in the subspace of Yτ⊥. Thus, we can write:[

Y0
T Yτ Y0

T Yτ⊥

Y0⊥
T Yτ Y0⊥

T Yτ⊥

]
= exp

([
0 −RT

R 0

]
τ

)
·

[
Vp 0
0 Vn−p

]
(4.40)

where Vp and Vn−p are the two independent rotations in the subspace of Yτ and in the
subspace of Yτ⊥. Applying Equation (4.21) we obtain:

[
V T

0 Y0
T YτVτ . . .

. . . V T
0⊥Y0⊥

T Yτ⊥Vτ⊥

]
=

 Cτ −Sτ 0
Sτ Cτ 0
0 0 I

 (4.41)

where V0, Vτ , V0⊥, and Vτ⊥ are combined orthogonal rotations from Equations (4.40) and
(4.21). This verifies the ability of writing an SVD decomposition given in Equation (4.38).

Now, we will derive equations for the mid-point dYmc= γ( τ
2 ) of the geodesic and the tangent

vector dHmc= γ′( τ
2 ) at mid-point. We take the equation of the geodesic in Equation (4.18)

and write:
dYτ c= dY0c · V CτV T + dH0c · V SτE−1V T (4.42)

By taking into consideration the SVD decomposition given in Equation (4.38) we obtain:(
YτVτ

)
=
(
Y0V0

)
· Cτ +

(
H0V0E

−1
)
· Sτ (4.43)
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Now we consider the rotated sum and difference of Yτ and Y0 as follows:(
YτVτ

)
+
(
Y0V0

)
=

(
Y0V0

)
·
(
I + Cτ

)
+
(
H0V0E

−1
)
· Sτ(

YτVτ

)
−
(
Y0V0

)
= −

(
Y0V0

)
·
(
I − Cτ

)
+
(
H0V0E

−1
)
· Sτ

(4.44)

We also have the trigonometric identities 2C2
m = I + Cτ , 2S2

m = I −Cτ , and 2CmSm = Sτ in
place. Then after substitution we can write:

1
2

(
YτVτ + Y0V0

)
=

(
Y0V0

)
· CmCm +

(
H0V0E

−1
)
· CmSm

1
2

(
YτVτ −Y0V0

)
= −

(
Y0V0

)
· SmSm +

(
H0V0E

−1
)
· CmSm

(4.45)

By noting that matrices Cm, Sm and E are diagonal and commute we wrire:

1
2

(
YτVτ + Y0V0

)
C−1

m V T
0 =

(
Y0V0

)
· CmV T

0 +
(
H0V0E

−1
)
· SmV T

0

1
2

(
YτVτ −Y0V0

)
S−1

m EV T
0 = −

(
Y0V0

)
· SmEV T

0 +
(
H0V0E

−1
)
· CmEV T

0

(4.46)

By inspection of the right hand side of the Equation (4.46) with the Equation (4.18) we see
that the left hand side of the Equation (4.46) is the value of the geodesic at time t = τ

2 . This
completes the proof. As a side note, we should say that the rotation by V0 applied to right
hand side of Equation (4.37) is optional. It can be any other rotation matrix. When applied,
it makes the matrix Ym

T Y0 to be symmetric. For example, if we took Vτ instead, then the
matrix Ym

T Yτ would be symmetric. Another example is to take a half-rotation matrix in
between V0 and Vτ for the purposes of charting a mid-point of two shapes.

So far we have given a linear solution to the computation of the barycentric combination

of two points with equal weights. Moreover, we have expressed the geodesic velocity vector

field γ̇
∣∣
γ

at the midpoint in terms of the initial and the final value of the minimal geodesic

segment connecting them, as given in Equation (4.37). This expression gives rise to the

solution of the logarithmic map, when used as an initial condition to the equation of the

exponential map, given in Equation (4.18). We present these results next.

4.8 Linear solution for the geodesic segment — the logarithmic map

The problem we would like to solve is quite different from the solution given by Equa-

tion (4.18). Instead of defining an equation for the geodesic velocity vector field, given

an initial point and a tangent direction at the point, it is essential for us to define these

equations, given an initial point and a final point on the Grn,p, which are to be connected by

a geodesic. In the theory of differential equations this corresponds to a two-point boundary
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value problem. Such a problem is commonly solved numerically, using the shooting method

[86]. We present our result for an explicit expression for the solution of the two-point

boundary value problem involving only standard linear algebra operations. Also recall from

Section 3.5 that this is also a linear solution for the logarithmic map, which is known to be

a very hard problem, [1]. This result first appeared in our publication in [98].

As before, consider two points dY0c, dYτc ∈ Grn,p on the Grassmann manifold that lie

within the interior of each other with the distance τ = d
(
dY0c, dYτc

)
in between them.

Let γ(t) be the minimal geodesic segment connecting these two points with the initial and

final values given by γ(0) = dY0c and γ(τ) = dYτc. The following lemma gives an equation

for the the velocity vector dH0c= γ′(0) at the point dY0c that defines the geodesic segment

when taken as an initial condition to Equation (4.18).

Lemma 4.8.1. The equation for the geodesic velocity vector γ′(0) for the geodesic segment

γ̇
∣∣
γ

defined by the initial and final values γ(0) and γ(τ) is given by:

H0 = −Y0V0CτSτ
−1EV T

0 + YτVτSτ
−1EV T

0 (4.47)

where the rotation matrices V0, Vτ are found from an SVD decomposition Y0
TYτ = V0CτV

T
τ ,

given in Equation (4.38), and E = acosm(Cτ )/τ with Sτ = sinm(E ·τ) and Cτ = cosm(E ·τ).

Proof. In order to obtain a closed form solution for the H0, all we need to do is to take
an expression for Ym and Hm from Equation (4.37) as an initial values γ(0) = dYmc and
γ′(0) = dHmc to the geodesic defined by Equation (4.18) and obtain the values for Ht at time
t = − τ

2 . The following expression is obtained from Equation (4.37):

YmV0 = 1
2

(
Yτ · Vτ + Y0 · V0

)
· C−1

m

HmV0E
−1 = 1

2

(
Yτ · Vτ −Y0 · V0

)
· S−1

m

(4.48)

Now we rewrite the second line of Equation (4.18) in the following form:

HtV0E
−1 = −Y0V0St + H0V0CtE

−1 (4.49)

Now we reverse time and evaluate this expression at t = − τ
2 . We get:

H0V0E
−1 = +

(
YmV0

)
Sm +

(
HmV0E

−1
)
Cm (4.50)

Note that since time is negative, based on the symmetry properties of sine and cosine, we
take Sm with minus and Cm with plus in the above expression. Now we plug in an expression
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from Equation (4.48) into the expression above and obtain:

H0V0E
−1 = +

1
2

(
YτVτ + Y0V0

)
C−1

m Sm +
1
2

(
YτVτ −Y0V0

)
S−1

m Cm (4.51)

Since the diagonal matrices commute, we are going to abuse the notation and write Sm

Cm
=

C−1
m Sm. Then by regrouping we obtain:

H0V0E
−1 =

1
2
Y0V0

(Sm

Cm
− Cm

Sm

)
+

1
2
YτVτ

(Sm

Cm
+

Cm

Sm

)
(4.52)

By further simplifying we get:

H0V0E
−1 = Y0V0

S2
m − C2

m

2CmS2
m

+ YτVτ
S2

m + C2
m

2CmS2
m

(4.53)

Using the trigonometric identities we finally get:

H0V0E
−1 = −Y0V0

Cτ

Sτ
+ YτVτ

1
Sτ

(4.54)

This gives the desired result.

We note that H0 obtained in Equation (4.47) will be of the unit norm, i.e., ‖H0‖F = 1.

We also present another alternative way for solving for H0. If we use brackets to denote

stacking of matrices together to form a larger matrix, then an alternative solution can be

obtained from the equation:

[
Y0 Yτ

]T
·
[
H0 Hτ

]
=

 V0 0

0 Vτ

·
 0 −ESτ

ESτ 0

·
 V0 0

0 Vτ

T

(4.55)

From this equation we simultaneously solve for H0 and Hτ using the pseudo-inverse of

[Y0|Yτ ]T . These two tangents are unit norm parallel-transported versions of each other,

and belong to the geodesic’s derivative vector field.

We now present our result for the equations of the geodesic γ(t) = dYtc and its derivative

vector field along the geodesic γ′(t) = dHtc at time t. This is an explicit expression for the

solution of the two-point boundary value problem.

Theorem 4.8.2. The equation for the geodesic velocity vector field γ̇
∣∣
γ

for the minimal

geodesic segment γ̇
∣∣
γ

defined by the initial and final values γ(0) = dY0c and γ(τ) = dYτc is

given by:

Yt = Y0V0(Ct − StCτSτ
−1)V T

0 +YτVτStS
−1
τ V T

0

Ht=−Y0V0(St + CtCτS
−1
τ )EV T

0 +YτVτCtS
−1
τ EV T

0

(4.56)
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This is an explicit solution for the two-point boundary value problem. The time-varying

matrices in equation (4.56) are Ct = cosm(t·E) and St = sinm(t·E). All other matrices are

obtained from an SVD decomposition of the inner product YT
0 Yτ , given in Equation (4.38).

Proof. In order to prove the theorem and obtain a closed form solution for the geodesic
and its derivative vector field for the two-point boundary value problem, we take an expres-
sion of H0 obtained in Equation (4.47) and substitute it into the Equation (4.18). After
simplifications we get the desired result.

Equation (4.56) gives a general form for the logarithmic map. Its computation is very

efficient and robust. Essentially, we are computing an SVD decomposition of the inner

product YT
0 Yτ , which is an p-by-p matrix with a typical values of p = 2, 3. Then we are

computing some sines and cosines for diagonal p-by-p matrix E of principal angles. This

is equivalent to computing sines and cosines of the elements along the diagonal. Finally

we combine the matrices according to the Equation (4.56). The free parameter is the

value of t. For example, by taking t = 0 we obtain the initial point dY0c, or by taking

t = τ we obtain the final point dYτc. The midpoint is obtained by taking t = τ
2 . Any

barycentric combination of the initial and the final points is obtained by varying t according

to Equation (4.36).

Now we present an algorithm for computing barycentric combinations of more than two

points. It relies on a solution for a barycentric combination of two points recursively by

induction.

4.9 Linear algorithm for the barycentric combination of k points

Equation (4.56) and Equation (4.36) tell us how to efficiently compute a barycentric combi-

nation of two points. The computation is linear and explicit. It turns out that an approx-

imation to the barycentric combination of k > 2 points is simply obtained by recursively

dividing points into smaller subgroups, computing the barycentric combination of each of

the groups, and then computing barycentric combinations of the groups with appropriately

chosen weights. We establish the result in the following conjecture:



4. Computations on the Grassmann Manifold and Affine Invariance 77

Conjecture 4.9.1 (barycentric combination of k points). Let
(
dYic

)
i∈I

be a constel-

lation of points in Grn,p, and let (µi)i∈I be a family of scalars summing to 1. Suppose the

barycenter dYbc =
∑

i∈I µidYic exists and is unique. Recall that a sufficient condition for

this is given in Threoem 3.6.1. Then the + operator is approximately associative. In other

words, if we split the set I into two (or more) arbitrary disjoint subsets I1 ∪ I2 = I and

I1 ∩ I2 = ∅ and denote the new weights by Ω1 =
∑

i∈I1
µi and Ω2 =

∑
i∈I2

µi, then:

dYbc ≈ Ω1

∑
i∈I1

µi

Ω1
dYic

+ Ω2

∑
i∈I2

µi

Ω2
dYic

 (4.57)

The conjecture has been verified experimentally. One can choose an arbitrary parenthe-

sization and recursively compute the barycentric combinations till each group is left with

two points. Then compute barycentric combination of two points using the logarithmic

map, as given by Equation (4.56) and by Equation (4.36). Finally, one verifies the neces-

sary condition given in Theorem 3.6.2. If one attaches the tangent space at the computed

barycenter, then the forces given in Equation (3.27) must sum to 0. Based on our exper-

iments, the integral force will always be very close to 0. Thus, this algorithm gives an

efficient linear approximation to the computation of barycentric computations. Recall from

Section 3.6 that, in order to achieve exact results, one could also use a non-linear minimiza-

tion of the cost function, given in Equation (3.26). However, depending on the application,

our linear approximation might provide sufficiently good results.

Computation of the barycentric combinations entirely relies on the logarithmic map —

a solution to the two point boundary value problem. It shows the significance of being able

to efficiently calculate the logarithmic map. The both results for efficiently and analytically

calculating the logarithmic map and the barycentric combinations are new for the Grass-

mann manifold and are not known in the literature. Typical approaches taken by others is

to use some sort of non-linear optimization in order to find a solution to the logarithmic

map and to the barycentric combinations, see for example [88].
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4.10 Sample mean and higher order statistics

Theorem 4.9.1 gives a linear algorithm for computing the barycentric combinations of k

points. In addition, we know that this computation will succeed as long as all points lie

within the radius of injectivity from the computed barycenter. Recall that the radius of

injectivity is given in Equation (4.33). In particular, if we take equal weights µi = 1
k , then

we obtain a computation of the sample mean:

dYmc=
k∑

i=1

1
k
dYic (4.58)

By attaching a tangent plane at dYmcwe can obtain a diffeomorphic representation for each

of the points dYic by the tangent vectors
(
dYic ·−o dYmc

)
, given via the logarithmic map.

The tangent space is a vector space, and we can compute sample mean and higher order

statistics on it. In particular, one easily verifies that based on Equation (3.27) the sample

mean of tangent vectors
(
dYic ·−o dYmc

)
is zero. Now, one can compute other higher order

central moments that will already have the mean implicitly removed. Thus, one can do any

kind of statistical computations on the tangent space attached at the sample mean. As an

example, we can compute the covariance matrix, and then use it to define the Mahalanobis

distance from the mean to the sample. For more examples, see [102].

4.11 Summary

In this chapter we introduced the numerical representation of points on the real Grassmann

manifold Grn,p. We gave the decomposition of the Grassmann manifold as a quotient of

the orthogonal group and explicit analytical linear solutions for the exponential map and

the logarithmic map. Closed form linear solutions for the midpoint of two points, for the

geodesic segment and its derivative vector field were obtained. Also, we developed a linear

and efficient algorithm for the computation of the approximate barycentric combinations of

points on the Grassmann manifold and discussed related to it notions of principal angles, cut

locus, and maximal radii for normal regular balls. Our efficient solutions for the logarithmic

map and the approximate barycentric combinations are new for the Grassmann manifold
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and are not known in the literature.

The main contribution of the chapter is the development of original formulas for com-

putations of such important characteristics as distance between two points, the logarithmic

map as a two point boundary value problem, sample mean of k points, etc. The obtained

results are directly applied to the affine-invariant shape space, allowing computation of sim-

ilarity in between the shapes. It can be noted that the results can be used in many other

theories besides the shape representation theory.
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5. GAPn,p-INVARIANT SHAPE SPACE AS

LOCALLY GRASSMANN MANIFOLD

5.1 Preliminaries

This chapter addresses the problems of representation for the affine-permutation invariant

shape space and computations on it. Our goal in this research is to find a geometric

manifold GSn,p with an unlabeled-view-independent metric properly defined on it. This is

a very challenging problem.

The key points that will be addressed in this chapter are:

• Non-existence of global geometry in GSn,p— Section 5.2

• Invariance to permutations as an optimization problem — Sections 5.3-5.4

• Survey of alternative solutions to permutations — Section 5.5

• Analyzing the geometric cost function — Section 5.6

• An approximation to optimization via QP and LP — Sections 5.7-5.8

• Canonical representation of a set and local geometry of GSn,p— Section 5.9

In this chapter we start by discussing as to why the quotient space GSn,p = Grn,p/Pn is not

a Riemannian manifold. Then, in order to achieve an invariance to permutations, we look

for a similarity measure in the residual shape space GSn,p as an optimization problem. This

similarity measure should be invariant to both affine transformations and permutations. It

should also be an easily computable metric. We formulate the combinatorial optimization

over the finite group of permutations as a relaxed convex hull optimization over the doubly

stochastic matrices. We present the reader with a survey of alternative ways of dealing with

permutation distortions that are frequently used in the literature. Then we go back to our
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optimization problem and discuss why optimization of the true geometric distance between

two points is not easily computable. We derive two algorithms for the computation of an

approximation to the distance. One is based on quadratic programming, and the second

one is based on linear programming.

Based on our experiments, we establish a conjecture. It states that if the minimized

distance found as a result of linear programming is large, then the true minimized distance

would have been large as well. In other words, it tells us that the linear programming

solution is a mapping that preserves distances locally. For this reason, given two shapes, we

can establish how similar the shapes are, and if they are sufficiently similar, we can compute

their distance.

In addition, in order to address the issue of defining a geometry in the shape space GSn,p,

we state another conjecture: if a constellation of shapes is sufficiently similar to each other,

then there exists a diffeomorphic mapping of the constellation of shapes to a neighborhood

of the Grassmann manifold. This makes the shape space GSn,p to locally look like the

Grassmann manifold. Thus, we will have all the constructs from Chapter 4 applicable to

sufficiently similar shapes. In particular, distance and the barycenter of shapes can be

computed using the results in that chapter.

5.2 Non-existence of global geometry in GSn,p

As we discussed in Section 2.9, Figure 2.2 represents the mapping from a set of abstract

shapes, given in block one of Figure 2.2, to a geometric space that achieves invariance to

both affine transformations and permutations, given in block eight of Figure 2.2. According

to this figure, the seventh block is the Grassmann manifold Grn,p. This is a shape space

that achieves invariance to affine tranformations only. This shape space possesses a global

geometry — a geometry of the Grassmann manifold. Its geometry has been studied in

Chapter 4.

The transition from the seventh block of Figure 2.2 to the eighth block is removing

the ambiguity Pn of arbitrary permutations. We allow arbitrary permutations of n feature
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points, which are row permutations of the configuration matrices. In other words, if dYc ∈

Grn,p is a point on the Grassmann manifold, we are allowing arbitrary row permutations of

the matrix Y. This ambiguity is eliminated by taking a finite group of permutations Pn

and folding the Grassmann manifold into GSn,p = Grn,p/Pn. Once this ambiguity has been

removed, GSn,p is a shape space that achieves invariance to both affine tranformations and

permutations.

The shape space GSn,p = Grn,p/Pn cannot be represented as an embedded sub-manifold

of the Riemannian manifold Grn,p. We show next why this is the case.

Recall from Section 2.4 the definition of group action. In a way, a group action on a

space is merely a rule, compatible with the group structure, by which group elements move

points in the space. Now we define a free group action.

Definition: A group action is called “ free action” if only the identity element of the group

can leave a point fixed.

Given a group action on a space, we can form a quotient space by identifying and gluing

together each point and its images under all of the group elements. Only if the group action

of a finite group is free, the quotient space will again be a manifold, [16].

The finite group Pn of permutations does not act freely on Grn,p. To see this, take a

matrix Y ∈ Gfn,p with first two rows being equal, and apply a permutation that swaps the

first two rows. This permutation is a non-identity element of Pn, but it leaves Y unchanged.

Thus, Pn does not act freely on a compact Stiefel manifold Gfn,p. As a consequence, it does

not act freely on the Grassmann manifold Grn,p = Gfn,p/Op either.

We conclude that the quotient space GSn,p = Grn,p/Pn is not an embedded Riemannian

sub-manifold of Grn,p. It does not possess the global Riemannian geometry intrinsically

derived from Grn,p via the embedding.

Even though GSn,p does not possess a global geometry as a quotient geometry of Grn,p/Pn,

later in this chapter we will give a conjecture that will define a local geometry in the

neighborhoods of points, allowing to perform computations of similarity as well as other

geometric concepts when points are sufficiently close to each other.
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Now we present invariance to permutations as an optimization problem.

5.3 Invariance to permutations as an optimization problem

Recall from Section 2.9 that whenever we consider factor spaces we form equivalency classes.

Then in order to factor out an action of the group under consideration, we either obtain a

canonical member for each of the equivalency classes, or stay within the space of orbits and

derive formulas that are invariant to the choice of the representative of each equivalency

class. As we showed in Section 5.2, the shape space GSn,p = Grn,p/Pn does not admit a

global geometry derived from Grn,p. For this reason, we solve for the permutation invariance

by means of finding a canonical member.

We start by defining similarity between two shapes in the shape space GSn,p as the solu-

tion to the distance minimization problem, where the distance is the Grassmannian distance

from Equation (4.30), and by minimizing it over the group of permutations Pn. Then we

give an algorithm for labeling points on the Grassmann manifold with permutation matrices

as their labels. Finally, we find canonical members by applying the inverse permutation to

the one stored in the label of each point. We proceed as follows.

Let dYc ∈ Grn,p be a point on the Grassmann manifold. Alternatively, based on

Section 2.4 and the shorthand notation introduced in Section 4.2, we can write point

dYc = dYcOp as the left coset YOp of group Op with respect to the point Y ∈ Gfn,p.

Similarly, a point in the shape space will be represented by the right coset:

PnYOp ∈ GSn,p (5.1)

of group Pn with respect to YOp. In this chapter we will represent points in the shape

space mostly in the form of Equation (5.1) as we have two group actions in the picture.

This representation is also more intuitive since each permutation matrix is n × n and is

being applied to the orthonormal n × p matrix Y by multiplication from the left in order

to permute rows of Y, while each matrix from Op is p × p and is being applied to Y by
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multiplication from the right. Sometimes we will also use the following notation:

PndYcOp , PnYOp ∈ GSn,p (5.2)

This notation tells that there are two groups acting on Gfn,p, where one group is acting from

the left, and the other one is acting from the right. Now we are ready to proceed with the

definition of the similarity between two shapes in the shape space GSn,p.

Definition: Let PndY0cOp and PndYτcOp be two points in GSn,p. We define the distance

between them to be given by:

dGSn,p

(
PndY0cOp , PndYτcOp

)
, min

P0,Pτ∈Pn

dGrn,p

(
P0 ·Y0Op, Pτ ·YτOp

)
(5.3)

where we are minimizing over two permutation matrices P0, Pτ ∈ Pn.

It turns out that it is not necessary to simultaneously minimize over both permutation

matrices. One of them can be fixed to be the identity permutation. The result is stated

below.

Lemma 5.3.1. The minimization in Equation (5.3) is equivalent to the following one:

dGSn,p

(
PndY0cOp , PndYτcOp

)
= min

P∈Pn

dGrn,p
(
Y0Op, P ·YτOp

)
(5.4)

where we are minimizing over a finite group of permutation matrices P ∈ Pn.

Proof. In order to observe this note the following identity:

dGrn,p

(
P ·Y0Op, P ·YτOp

)
= dGrn,p

(
Y0Op,YτOp

)
(5.5)

This identity comes from the fact that the inner product YT
0 PT PYτ is identical with YT

0 Yτ ,
and so the Grassmannian distance in Equation (4.30) does not change. Then one easily
obtains:

dGrn,p

(
P0 ·Y0Op, Pτ ·YτOp

)
= dGrn,p

(
Y0Op, P−1

0 Pτ ·YτOp

)
(5.6)

In other words, both permutations can be folded into just one permutation. This completes
the proof.

So far we have defined distance between shapes to be the minimization problem given in

Equation (5.4). Now we are going to give an example as to why minimizing the Grassman-

nian distance over a finite group permutations is the right approach for defining similarity

between shapes in the shape space GSn,p.
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5.4 Why define similarity in GSn,p as an optimization over Pn?

We present one example here that shows why it is important to achieve invariance to

permutations by minimizing the Grassmannian distance in Equation (4.30) over a finite

group of permutations, as defined in Equation (5.4).

Consider an example given in Figure 5.1. We take two different shapes and connect

them by a geodesic on the Grassmann manifold, as defined in Equation (4.56). Our initial

shape dY0c is a filled triangle, and our final shape dYτc is a filled circle. The normalized

Grassmannian distance, per Equation (4.32), between them is:

dGrn,p

(
dY0c, dYτc

)
= 0.535 (5.7)

Now we perform the optimization given in Equation (5.4) and find a permutation P that

minimizes it. In Figure 5.2 we present the geodesic between the same initial shape dY0c and

the permuted final shape dP·Yτc. The normalized Grassmannian distance between them

is:

dGrn,p

(
dY0c, dP·Yτc

)
= 0.166 (5.8)

which is now much smaller than for the shapes in Figure 5.1. If we visually compare the

final shapes in Figure 5.1 and 5.2, we see no difference. This is because they only differ

by a permutation in the order of their feature points. However, the intermediate shapes on

these geodesics are very different. The ones in Figure 5.1 are more distorted. They look as

if feature points are getting rotated on a spiral in order to bring features of the initial and

final shapes into correspondence with each other.

This example shows that minimizing the Grassmannian distance over the group of per-

mutations is the proper way of defining a similarity measure between the shapes.

In the following sections we look for a solution to the minimization problem we defined

in Equation (5.4).
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Fig. 5.1: Morphing a filled triangle onto a filled circle

Fig. 5.2: Morphing a filled triangle onto a filled permuted circle
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5.5 Survey of alternative solutions to the correspondence problem

There are alternative ways of defining distance between shapes besides the one defined by the

minimization problem in Equation (5.4). In this section we give an overview of alternative

approaches frequently considered in computer vision and signal processing communities.

Recall that permutation distortions arise from the fact that our feature points are not

labeled, and thus they first need to be brought in correspondence with each other before

the similarity of shapes can be evaluated. Bringing them in correspondence can be thought

of as a combinatorial problem if one were to try each one of all possible permutations to

find the best one. Recall that there are a total of n! permutations for n features. Thus, this

brute-force approach is not feasible for practical applications.

One way of dealing with permutations is by making feature points labeled. This is done

in the following approach. Consider an example of a video sequence of an object. This is

a set of views (images) densely spaced in time. Let us assume that the feature points have

been found in the first view. Then it is reasonable to assume that the corresponding feature

points in the following views are located at nearby locations. One can search locally for the

displacement of these feature points. This type of algorithms are called feature tracking

algorithms. As an example, see [99].

Another example to consider is to take a pair of stereo images. One could construct an

n×n matrix of proximities and then look for correspondences in between the features using

the Gestalt law of proximity. Such an algorithm is described in [97], where matching pairs

are found by means of an SVD decomposition of the proximity matrix.

Alternatively, if the feature points can be represented by a column vector, then the

problem of finding an optimal permutation is equivalent to the problem of sorting. Essen-

tially, in order to bring two column vectors in correspondence with each other, both arrays

need to be sorted in ascending order of their values, without loss of generality. Similarly,

for n × p matrices one could define a canonical sorting to be sorting by the first column,

with sub-sorting of the following columns in order to resolve ambiguities when values in the

previous column coincide.
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Yet another approach has been pioneered by Brockett, where combinatorial optimization

is performed in differentiable setting, [18, 20, 19]. This approach, replaces the combinatorial

search involved in finding the best permutation with a calculus problem involving orthog-

onal matrices. Essentially, an optimization over a group of permutations Pn is relaxed to

an optimization over an orthogonal group On, using the double-bracket continuous-time

gradient flows. Additional reading can be found in [80, 24, 104, 57].

Finally, combinatorial optimization can also be performed as a constrained optimization

over a convex hull. Under this framework, an optimization over a group of permutations

Pn is relaxed to an optimization over doubly stochastic matrices, which form a convex hull

over the group of permutations, [73, 72]. Our approach follows this type of optimization.

Other theoretical approaches are to convert feature points into a space where permu-

tation ambiguities disappear. As an example, consider the following idea. We can achieve

an invariance to permutations by going from the roots of a polynomial to the polynomial

itself. It is a well known fact that an unordered set of n roots uniquely defines the n-th

order polynomial, thus achieving invariance to permutations. So if we take feature points

to be roots, then a space of polynomials is a permutation-invariant representation for shape

views. Related to the approach is to consider a Vandermonde matrix, and then compute

its projectors, in order to achieve the desired invariance. Yet another idea in the same di-

rection is to do the following. Suppose we have some open interval I ⊂ R, e.g. I = (−1; 1).

Shapes can be parameterized by smooth atlases s : I → S ⊂ Rp such that s(I) = S is the

shape. We will refer to them as “ configuration atlases.” A set of all configuration atlases

is a vector space. Assuming shapes have been already centered, call two atlases s1 and s2

equivalent if ∃A ∈ GLp such that s1(I) = A · s2(I). Then this space forms a manifold, which

is invariant to permutations when sampled. Sampling should take into the account distance

along the curve between the sample points. Uniform sampling, in particular, produces the

configuration matrices. For case p = 2, sampling points can be thought of as points in the

complex plane. Then such sampling is possible due to the sampling theorem of complex

functions.The approaches in this direction are primarily of theoretical importance than of
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practical. They suffer from sensitivity to noise, and are hard to implement in practice.

Now we analyze the geometric cost function for the minimization problem in Equa-

tion (5.4).

5.6 Analyzing the geometric cost function

Let dY0c, dP·Yτc ∈ Grn,p be two points on the Grassmann manifold. Then, recall from

Section 4.5 that in order to compute the distance, we first perform the SVD decomposition:

YT
0 PYτ = V0CτV

T
τ (5.9)

which gives two rotation matrices V0, Vτ and a cosine diagonal matrix of the principal

angles Cτ . Then we compute the matrix arc-cosine Eτ = acosm(Cτ ). According to Equa-

tion (4.30), the distance is given by:

dGrn,p

(
dY0c, dP·Yτc

)
=
√

trace(E2
τ ) (5.10)

Matrix sine, cosine, arc-sine, and arc-cosine are well defined for diagonal and symmetric

matrices. We are going to extend the definition of these trigonometric functions to any

arbitrary matrix A with the help of an SVD decomposition of A. This will help us to study

the geometric distance on Grn,p.

Definition: Let E be a diagonal matrix. We define the matrix exponential by:

eE = exp(E) , 1 + E/1 + E2/2! + ... (5.11)

Remark: Let Q be an orthonormal matrix. Then the matrix exponential satisfies:

exp(QEQT ) = Q · exp(E) ·QT (5.12)

Definition: The matrix cosine and matrix sine of a diagonal matrix are defined by

cosm(E) =
eiE + e−iE

2
(5.13)

sinm(E) =
eiE − e−iE

2i
(5.14)
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The matrix cosine and matrix sine of a diagonal matrix can be computed by applying scalar

sine and cosine to the diagonal elements, while keeping off-diagonal elements at zero. The

definition is naturally extended to symmetric matrices using the property above, given in

Equation (5.12). Now we extend the definition of matrix sine and matrix cosine to any

arbitrary square matrix A.

Definition: Let A = UEV T be an SVD decomposition of A. We define:

exp(UEV T ) = U · exp(E) · V T

cosm(UEV T ) = U · cosm(E) · V T

sinm(UEV T ) = U · sinm(E) · V T

acosm(UEV T ) = U · acosm(E) · V T

asinm(UEV T ) = U · asinm(E) · V T

(5.15)

Now we are ready to rewrite the geometric distance on Grn,p, given in Equation (5.10), using

the definitions of the matrix arc-cosine. We summarize the result in the following lemma:

Lemma 5.6.1. Let dY0c, dP·Yτc ∈ Grn,p be two points on the Grassmann manifold. The

geometric Grassmannian distance can be rewritten as:

dGrn,p
(
dY0c, dP·Yτc

)
=
√

trace
(
acosmT (YT

0 PYτ ) · acosm(YT
0 PYτ )

)
(5.16)

Proof. From Equation (5.9) we have:

YT
0 PYτ = V0CτV T

τ (5.17)

Applying acosm(·) to the equation and using the property in Equation (5.15) we obtain:

acosm(YT
0 PYτ ) = V0EτV T

τ (5.18)

But trace(ABC) = trace(BCA), so we get the desired result.

Now we go back to the minimization problem given in Equation (5.4). We redefine it using

the expression given in Equation (5.16) for the Grassmannian distance. Let PndY0cOp and

PndYτcOp be two points in GSn,p. Consider the following cost function:

J(P ) , trace
(
acosmT (YT

0 PYτ ) · acosm(YT
0 PYτ )

)
= trace(E2

τ ) (5.19)
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and consider the following optimization:

P = arg min
P∈Pn

J(P ) (5.20)

Then clearly this optimization is equivalent to the one given in Equation (5.4).

Now consider the fact that permutation matrices are square matrices obtained by per-

muting rows of the identity matrix. Thus, they are doubly-stochastic and orthogonal at the

same time. In fact, it can be shown that any doubly-stochastic orthogonal matrix is a per-

mutation matrix. Since a set of permutations Pn is a subset of doubly stochastic matrices

Dn, we can relax the optimization problem in Equation (5.20) and write:

D = arg min
D∈Dn

J(D) (5.21)

In fact, since Pn ⊂ Dn, one easily verifies the identity:

min
D∈Dn

J(D) 6 min
P∈Pn

J(P ) (5.22)

If the cost function J(D) is concave (or linear), the optimum of the cost function in Equa-

tion (5.21) over all D ∈ Dn is attained when D is a permutation matrix. This follows

from Birkhoff’s theorem [56, 75], which says that a set of doubly-stochastic matrices Dn

is the convex hull over a group of permutations Pn and also from the fact that the con-

cave objective function achieves its minimum at the boundaries. Thus, the inequality in

Equation (5.22) is in fact an equality and we can write:

P = arg min
D∈Dn

J(D) ⊂ Pn (5.23)

In order to minimize an objective function, one typically first looks for its derivatives.

The derivative of the true distance function in Equation (5.19) is not easily computable. This

is due to the fact that all three matrices in the SVD decomposition, given in Equation (5.9),

depend on the permutation matrix P . We were able to take such a derivative only under the

assumption that a diagonal matrix Eτ commutes with any orthogonal matrix, which is only

the case when all p principal angles are the same. Under this assumption, the derivative is

given by:

OJQ,GSn,p(D) ≈ −2Y0

(
2Eτ sinm−1(2Eτ )

) 1
2 YT

0 DYτ

(
2Eτ sinm−1(2Eτ )

) 1
2 YT

τ (5.24)
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By further simplifying the quadratic case in Equation (5.24) by its linear counterpart, we

have the derivative for the linear case to be approximated by:

OJL,GSn,p(D) ≈ −Y0

(
2Eτ sinm−1(2Eτ )

)
YT

τ (5.25)

Both Equation (5.24) and Equation (5.25) are hard to analyze and are not adequate for

practical purposes. In the following sections, we give alternative approximations, which are

easily solved using concave quadratic programming and linear programming.

5.7 An approximation to the optimization problem via QP

An interesting result can be obtained by using the trigonometric identity:

2cosm2(E) = I + cosm(2E) (5.26)

From it we get:

4E2 = acosm2(2cosm2(E)− I) (5.27)

Then, we can rewrite the optimization in Equation (5.23) where the cost function is given

by Equation (5.19) as follows:

P = arg min
D∈Dn

trace(E2
τ )

= arg min
D∈Dn

trace(4E2
τ ) (5.28)

= arg min
D∈Dn

trace(acosm2(2C2
τ − I))

If we assume that minimizing the trace of the square of the matrix arc-cosine is about the

same as minimizing the negative trace of its argument, we can approximate:

PQ = arg min
D∈Dn

−trace(2C2
τ − I)

= arg min
D∈Dn

−trace(CT
τ Cτ )

= arg min
D∈Dn

−trace((V T
0 YT

0 PYτVτ )T (V T
0 YT

0 PYτVτ )) (5.29)

= arg min
D∈Dn

−trace(P TY0YT
0 PYτYT

τ )
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Fig. 5.3: Approximating trace(acosm2(X)) by −trace(X) for diagonal X

In Figure 5.3 we show both cost functions for the p = 2 case. On the left-hand side, we

provide a contour plot of the f(X) = trace(acosm2(X)), and on the right-hand side we pro-

vide a contour plot of the g(X) = −trace(X). Except for a small curvature, f(X) and g(X)

behave about the same. So, the assumption we made seems to be a good approximation.

Then, let us define the quadratic cost function to be:

JQ(D) = −trace(DTY0YT
0 DYτYT

τ ) (5.30)

Its gradient, using standard tools of matrix calculus [42], is easily computed to be:

OJQ(D) = −2(Y0YT
0 )D(YτYT

τ ) (5.31)

Now we rewrite the optimization problem in a canonical form, so that it can be solved

numerically using standard quadratic programming routines. We apply the vec(·) notation,

defined in [42, 76], to convert matrices into vectors. Let d = vec(D). Then using the rule

vec(AXB) = (BT ⊗A) · vec(X) we obtain:

OJQ(d) = −2(Y0YT
0 ⊗YτYT

τ ) · d (5.32)
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Then we recover the canonical cost function in the vec(·) notation to be:

JQ(d) = −dT · (Y0YT
0 ⊗YτYT

τ ) · d (5.33)

This is the canonical form for defining a quadratic function for the optimization routines.

The quadratic programming routines typically require an initial guess to be passed in. They

also require a set of constrains. In the following section, we derive an even coarser linear

approximation. It can be used as an initial guess to the quadratic optimization. We will

also derive a set of constrains that can be used for both quadratic and linear cost functions.

They are based on the properties of permutation matrices.

5.8 An approximation to the optimization problem via LP

Consider the optimization problem, given in Equation (5.4). The associated cost function

is given by Equation (5.19). As we already discussed, optimization over the true geometric

cost function is computationally very demanding and is not plausible. If we approximate

the distance in Equation (5.4) by the Euclidean distance, then the problem becomes:

PL = arg min
D∈Dn

‖Y0 −DYτ‖F (5.34)

This optimization problem in Euclidean space is also known as the correspondence problem,

and it is easily converted into a linear optimization framework, [73, 72]:

PL = arg min
D∈Dn

‖Y0 −DYτ‖F

= arg min
D∈Dn

trace (Y0 −DYτ )T (Y0 −DYτ )

= arg min
D∈Dn

trace
(
YT

0 Y0 − 2YT
0 DYτ + YT

τ Yτ

)
(5.35)

= arg min
D∈Dn

−trace
(
YT

0 PYτ

)
Then, let us define the linear cost function to be:

JL(D) = −trace(YT
0 DYτ ) = −trace(D ·YτYT

0 ) (5.36)

Its gradient, using standard tools of matrix calculus [42], is easily computed to be:

OJL(D) = −Y0YT
τ (5.37)
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Now we rewrite the optimization problem in a canonical form. For this, as before, we apply

the vec(·) notation, defined in [42, 76]. Let d = vec(D). Then we obtain:

OJL(d) = −vec(Y0YT
τ ) (5.38)

This leads to a canonical linear cost function

JL(d) = −vec(Y0YT
τ )T · d (5.39)

This is the canonical form for defining a linear function for the optimization routines.

We note that the constraints on D to be a doubly-stochastic matrix are expressed as:

D · 1 = 1 , 1T ·D = 1T , 0 ≤ di,j (5.40)

Now we rewrite the constrains in a canonical form, using the vec(·) notation. The canonical

linear constraints are given by:

(1T ⊗ I)·d = 1

(I ⊗ 1T )·d = 1 (5.41)

0 ≤ d

The problem defined by the linear cost function Equation (5.39) along with the con-

strains defined by Equation (5.41) is the standard linear optimization problem and can be

solved by standard simplex or simplex-like algorithms. Faster implementations of simplex

do exist specifically for optimizations over the Birkhoff’s polytope.

Also, the solution found by the linear cost function in Equation (5.39) can be fed into

the quadratic cost function in Equation (5.33) along with the constrains defined by Equa-

tion (5.41) is order to perform the standard quadratic optimization problem.

Even though we derived both linear approximation and more precise quadratic approx-

imation, in the following sections we will give a conjecture that states that linear program-

ming leads to sufficiently precise results for defining a local geometry in the shape space

GSn,p. Thus, we are going to use only the linear approximation for the experimental results

in Chapter 6.
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5.9 Canonical representation of a set and local geometry of GSn,p

Suppose we are given a set of points on the Grassmann manifold Grn,p. These points give a

representation of shapes that achieves affine-invariance only. In order to obtain a represen-

tation that achieves affine-permutation-invariance, we solve the permutation invariance for

the set by finding a canonical member for each member of the set. We proceed as follows.

Pick a point that lies sufficiently close to all other points in the set in terms of the similar-

ity defined on GSn,p, and call it a “ reference point”. For example, mean of this set might

be known a-priory. It would be a good reference point. If mean is not known, one could

randomly pick one of the members to be the reference point. Next, solve an optimization

between the reference point and each member of the set. It is given in Equation (5.23),

where we use the linear cost function, given in Equation (5.39). Assign an output of the

optimization — the optimal permutation matrix — to each member of the set as its la-

bel. This is an algorithm for labeling points on the Grassmann manifold with permutation

matrices as their labels.

In order to obtain a canonical representation of the set, apply the inverse permutations

to the ones stored in the label of each point. This is an alignment operation that brings all

points of the set in correspondence with each other, and with the reference point.

Now we give two conjectures that allow us to establish a local geometric structure in

the shape space GSn,p.

The first conjecture states that if the minimized distance found as a result of linear

programming is large, then the true minimized distance would have been large as well. In

other words, it tells us that the linear programming solution is a mapping that preserves

distances locally. For this reason, given two shapes, we can establish how similar the shapes

are, and if they are sufficiently similar, we can compute their distance.

In addition, we establish another conjecture that tells us that a constellation of similar

shapes will get mapped to the same local neighborhood of the Grassmann manifold via

the algorithm for canonical representation of a set, described above. Thus, for sufficiently

similar shapes we not only can compute distances, but also perform other geometric concepts
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derived for the Grassmann manifold. In particular, we can compute a sample mean and

higher order moments of a constellation of shapes that are sufficiently similar to their sample

mean.

Conjecture 5.9.1 (LP is sufficient). Let dY0c, d·Yτc ∈ Grn,p be two points on the Grass-

mann manifold with the Grassmanian distance between them being possibly large. If the true

unknown distance, as given by Equation (5.4) is sufficiently small, then the linear program-

ming will succeed, finding the permutation PL such that the Grassmanian distance between

the permuted shape dY0c, dPL·Yτc ∈ Grn,p will be small.

Conjecture 5.9.2 (local geometry of GSn,p). Canonical representation maps similar

points into the same neighborhood of the Grassmann manifold.

The extensive experimental results show that both conjectures are surely true. For

example, consider the following experiment. We take some random point on the Grassmann

manifold and fix it to be the reference point for the canonical representation algorithm. Then

we take a set of random directions, and move from the reference point in these directions

by small, in terms of the distance on the Grassmann manifold, random amounts. Thus,

we obtain a constellation of points on the Grassmann manifold that lies sufficiently close

to the reference point. By running the canonical representation algorithm on this set we

expect each member of the constellation to get labeled by the identity permutation. In

other words, the identity permutation should be the optimal alignment permutation for

each member of this set. Now we apply random permutations to each member of the set.

This makes members of the constellation to get spread far away from the reference point,

in terms of geometry of the Grassmann manifold. Now we run the canonical representation

algorithm and verify the recovered optimal permutations. These should be the inverses to

the random permutations that were applied to each of the members. Experiments show

that for a sufficiently dense constellations we do recover the correct permutations, using the

linear programming algorithm. Typical values for the radius of the constellation in order

to achieve the reconstruction are about 0.05− 0.1 on a scale 0 to 1. This confirms the first

conjecture.
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In order to verify the second conjecture, we take each un-aligned member of the con-

stellation and connect it by the Grassmannian minimal geodesic segment to the reference

point. This geodesic segment might be quite long, since the members are not aligned. We

densely sample the geodesic segment and obtain points along it, starting from the reference

point and ending at the selected un-aligned member of the constellation. Then we perform

the canonical representation algorithm between the reference point and each sampled point

along the geodesic. Each sampled point gets labeled with the optimal permutation. The

experiment is repeated sufficiently many times. The obtained results are very interesting.

Sampled points along the geodesic that lie sufficiently close to the reference point will always

get labeled with the identity permutation. Also, sampled points that lie sufficiently close

to the endpoint, which is the selected un-aligned member of the constellation, will always

get labeled with exactly the same permutation that is stored in the label of the un-aligned

member. The experiment verifies the second conjecture. Sampled points that are far away

from both the reference point and the endpoint will get labeled with various permutations.

For these points, linear programming fails to find correct permutations. Thus, the true dis-

tance is large, and the experimentally measured distance is even larger. For this reason, we

can only say that these shapes are not similar to the reference point. Thus, we have a valid

similarity measure, which is exact for similar shapes and coincides with the Grassmannian

distance.

Now we summarize the results obtained in this chapter.

5.10 Summary

In this chapter we established a representation for the affine-permutation-invariant shape

space. This quotient space is not a Riemannian manifold. For this reason we presented a

similarity measure that is invariant to both affine transformations and permutations as a

solution to the optimization problem. As the true distance minimization is combinatorially

complex, we relaxed an optimization problem to doubly-stochastic matrices and presented

an approximate solution using linear programming and quadratic programming.
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We established a conjecture that the affine-permutation-invariant shape space locally

looks like the neighborhood of the real Grassmann manifold Grn,p. We gave an analytical

mapping that maps neighborhoods in the shape space to the neighborhoods of the real

Grassmann manifold. This map is the solution to the distance minimization problem using

linear programming. For this reason, given two shapes, we can establish how similar the

shapes are, and if they are sufficiently similar, we can compute their distance as well as

perform other geometric concepts presented for the Grassmann manifold. In particular, we

can compute the sample mean and higher order moments of a constellation of shapes that

are sufficiently similar to their sample mean.



6. CASE STUDIES: APPLICATIONS IN SHAPE

REPRESENTATION

6.1 Preliminaries

Object recognition demands a measure of similarity of two shapes. But what is the metric?

In fact, there are many metrics one could consider. Some of the most suggestive are those

derived from Riemannian metrics, [81]. In this chapter, we will present some experiments

that will show that the metric we chose in fact does achieve very good results.

First we start by giving some general comments. Visualization of 2D shapes is easy. One

simply plots feature points in the image plane. These visualizations are defined only up

to an arbitrary affine transformation. In other words, numerically shapes are represented

by an orthonormal n × p matrices, which can be visualized in many different ways. Thus,

whenever we plot some view of a shape, we can choose any arbitrary affine transformation

and apply to it before plotting it.

Visualization of 3D shapes is trickier. For these purposes one could use, for example,

the package DistMesh introduced by [94]. One could also use the package in order to take

3D objects and triangulate them to get vertex nodes that can be used as feature points.

The algorithms developed require the number of feature points n to be the same. Our

experimental results show that the distances and the geodesics computed are very insensitive

to the number of points chosen, as long as it is high enough to represent shapes accurately.

For this reason, if one needs to compare shapes that have different number of points, one

could either randomly drop some points, or add some points, possibly by resampling the

shape, or maybe simply by repeating the same points.

Now we present some experimental results.



6. Case Studies: Applications in Shape Representation 102

6.2 Application: Multi-author handwritten digit classification on Grn,p

Here we present an application of the derived formulas to the classification problem.

We used the database of pen-based handwritten digits ‘pendigits’ from the UCI Repos-

itory of Machine Learning Databases, [83]. The source of this database is [3, 4]. This

database consists of 250 samples from each of 44 different writers, for a total of 10, 992

good samples. There are total of 10 classes — digits 0 though 9. The database is split

into three parts. The samples written by first 30 writers is split into two parts: a training

set consisting of 3, 745 samples and a writer-dependent test consisting of 3, 749. The digits

written by the other 14 writers is used for writer-independent testing.

WACOM PL-100V pressure sensitive tablet with an integrated LCD display and a cord-

less stylus was used for capturing the data. The input and display areas are located in

the same place. Attached to the serial port of an Intel 486 based PC, it allows to collect

handwriting samples. The tablet sends x and y tablet coordinates and pressure level values

of the pen at fixed time intervals (sampling rate) of 100 miliseconds.

These writers are asked to write 250 digits in random order inside boxes of 500 by 500

tablet pixel resolution. Subjects are monitored only during the first entry screens. Each

screen contains five boxes with the digits to be written displayed above. Subjects are told

to write only inside these boxes. If they make a mistake or are unhappy with their writing,

they are instructed to clear the content of a box by using an on-screen button. The first

ten digits are ignored because most writers are not familiar with this type of input devices,

but subjects are not aware of this.

For the purposes of this application, following [3, 4], we use only (x, y) coordinate infor-

mation. The stylus pressure level values are ignored. The raw data that we capture from

the tablet consist of integer coordinates between 0 and 500 (tablet input box resolution),

captured as a temporal sequence of the movements of the pen tip. Handwriting can be rep-

resented as a time-ordered sequence of coordinates of the pen tip on the tablet with varying

speed and pressure at points. The digits were written by people having various styles of

writing. The raw data contains enormous variations in writing speed. Also, number of
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temporal samples per digit varies drastically. Its typical range is in between 10− 30. Some

preprocessing steps are needed in order to normalize time variations and variations in the

amount of samples.

We fix a value of n to be the desired number of samples per digit, and we perform spatial

resampling by placing points regularly spaced along the trajectory arc. A typical value of n

that we used was n = 100. We tried both increasing and decreseaing the value of n, but it

has very little effect to the performance of the classifier. Also, feature points are ordered in

time, so they can be assumed to be labeled. The MATLAB code for resempling is presented

below:

function [X,pen] = loadDigit(n,idx)

global pens;

pen = pens.digits(idx);

x = pen.data(:,1);

y = pen.data(:,2);

dx=diff(x);

dy=diff(y);

dt=sqrt(dx.^2+dy.^2);

I=find(dt~=0);

dx=dx(I);

dy=dy(I);

dt=dt(I);

x = x(1) + [0;cumsum(dx)];

y = y(1) + [0;cumsum(dy)];

t = 0 + [0;cumsum(dt)];

tt = linspace(0,max(t),n);

X = interp1(t,[x y],tt,’pchip’);

This preprocessing leads to the configuration matrix X ∈ SCn,p with p = 2, see Figure 2.2.

The nearest neighbor rule is a simple and powerful classification technique. In the basic

nearest neighbor classifier, each training sample is used as a prototype, and a test sample

is assigned to the class of the closest prototype. When the number of prototypes is large,
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this method requires a large memory space and long computing time, since each of the test

samples has to be compared with each of the prototypes.

For the purposes of this demonstration, we propose a preprocessing step based on sample

mean calculation, which takes training set as an input, and produces a reduced set of

prototypes. This preprocessing step is not meant to increase the quality of the nearest

neighbor qualifier. It is used purely for the demonstration of calculation of sample mean of

a large number of samples. Also, this preprocessing algorithm can be used to visualize the

dataset in a compact way, as we will see later.

As an output of this algorithm, we produce a reduced set of prototypes, where each

prototype is a sample mean of samples from the training set in its proximity. Recall that the

normalized distance on the Grassmann manifold, as given in Equation (4.32), takes values

in the range [0, 1]. To control the algorithm for producing a reduced set of prototypes, we

pick some threshold λ value based on which we determine if samples in the training set

are nearby to each other. Some typical value for the threshold that we have considered are

λ = 0.05, 0.15, 0.3. The algorithm for generating prototypes is as follows. We take some

random sample of the training set as an initial reference point. We find all other samples in

the training set that lie closer than the threshold λ to the initial reference point. Then we

compute a sample mean of these samples, and take newly computed sample mean as initial

reference point. We repeat the step of finding samples that lie closer than the threshold λ to

the initial reference point. The process is repeated a few times, typically 2 or 3 times until

certain exit conditions are met. The output of this iteration is a cluster of samples that

lie within the distance λ apart from their sample mean. We remove this cluster of samples

from the training set, and take their mean to be one of the prototypes for the classification.

Then we repeat the process again and again till no more samples are left in the training

set. Clearly, if one takes threshold value to be λ = 0, then each prototype will be a sample

mean of exactly one sample from the training set, reducing down to a conventional nearest

neighbor classification. By taking λ large, the number of prototypes will get reduced, thus

causing poor classification performance.
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Now we present some results with different values of λ. In this particular example, we

take n = 100, and p = 2 since digits are 2D shapes. The value of n does not play any major

role. In fact, we will see later that shapes are resilient to the dimensionality n. Thus, it

can be any sufficiently large number. In Figure 6.1 we present class separation in between

different digits. We remind the reader that the training set consists of 3, 745 samples.

With the value of λ = 0.3 our algorithm produces only 109 prototypes. For λ = 0.15

there are 461 prototypes. Finally, for the value of λ = 0.05 there are 2, 877 prototypes,

which is essentially performing a full nearest neighbor classification. We also compute

class separation in between different classes. This is essentially a distance in between two

closest prototypes belonging to the two classes under the considerations. These results are

presented in the matrices in Figure 6.1.

Figure 6.2 visualizes all 109 prototypes produced from the training set of 3, 745 samples

for the value of λ = 0.3. Above each prototype, we display number of samples that were used

in its calculation. Recall that each prototype is simply a sample mean of all of its members.

First of all, this figure shows practical ability of computing approximate expected values

with high accuracy even for a widely spread constellation of points of a large size. For

example, consider the digit ‘2’ displayed at the intersection of forth column and third row.

It consists of 328 members. We do not display the histogram of distances from it to each of

its members, but it is approximately uniform with distance spread between 0 and λ = 0.3.

The value of normalized distance 0.3 is quite large. Also, the number of samples is large as

well. Yet, our algorithm allows a very efficient and linear calculation of the sample mean

that is approximately correct with an error being very small, negligible from the practical

viewpoint. This example verifies our algorithm for the barycentric computation.

Let us look again at Figure 6.2. We see that our clustering algorithm creates large

clusters for each digit at first, and then small clusters of digits that are either outliers, or

are not modeled well by an affine distortions. For example, let us look at the intersection of

ninth column and third row. It is a digit ‘2’ that is improperly labeled as ‘3’ in the training

set. Our algorithm was able to correctly detect this outlier. Also, one could consider all
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clusters consisting of a few digits to be outliers, even if they are labeled correctly. There

are samples in the training set that were written by sloppy writers, and most likely should

be omitted from the training set. For this demonstration, we simply leave the outliers in

the set of prototypes.

For λ = 0.15 there are 461 prototypes, out of which 79 belong to the digits with label

‘1’. These are displayed in Figure 6.3. Again, we see that the first cluster contains most of

the training set.

Finally, in Figure 6.4 we show confusion matrices and error rates for the classification.

As expected, for λ = 0.3 classification has 17% error rate. This is not surprising since we

are running the nearest neighbor classifier against the set of prototypes consisting of only

109 prototypes. In a way, this shows that this set is not large enough to train the classifier.

For λ = 0.05. classification achieves a very good error rate. For the writer-dependent set, it

is only 3.2%, and for writer-independent set, it is only 5.9%, and overall error rate is only

3.1%. These results are comparable to the error rates reported on the same dataset by [3, 4].

Once again, we are only showing a prototype implementation of the classifier. One could

achieve even better rates by removing outliers form the training set, or by implementing

a better classifier, or even by combining multiple classifiers in order to boost classification

accuracy, as it is done in [3, 4]. For example, one could use a classifier on the Grassmann

manifold combined with a classifier that uses a different space for the features. By analyzing

the confusion matrix, we see that digits ‘6’ and ‘9’ get confused a lot. This is not surprising,

since we are allowing arbitrary affine transformations, including a rotation by 180 degrees,

which makes them look very similar to each other on the shape space.

To summarize, with this real-world application we showed that the metric we chose does

in fact achieve good results.
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Fig. 6.1: Class separation in the Grn,p space
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Fig. 6.2: Prototypes for λ = 0.3 and classes 0 though 9
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Fig. 6.3: Prototypes for λ = 0.15 and class 1
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Fig. 6.4: Confusion matrix for classification results
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6.3 Application: Geodesic triangle on Grn,p

Consider and example given in Figure 6.5. We take three different shapes dY1c, dY2c, dY3c ∈

Gr100,2. In this particular example we took digits ‘3’, ‘2’, and ‘5’ from the same multi-author

hand-written digit database, described in Section 6.2. The normalized distances in between

them are quite large and asymetric:

dn

(
dY1c, dY2c

)
= 0.6772

dn

(
dY1c, dY3c

)
= 0.6730

dn

(
dY2c, dY3c

)
= 0.1647

For planar triangles, the center of mass of a triangle is a third of the way from the base. The

centroid of a triangle is at the point that is at the intersection of: the three side bisectors;

the three area bisectors (which are the side bisectors); and the three lines one third of the

way up from the three bases. If the triangle only has three equal point masses on its vertices

the center of mass lands on the same place. Thus, in order to find the center of mass one

needs to first find the three side bisectors, and then find their intersection point a third of

the way up from the three bases.

For the geodesic triangles, the three side bisectors will not intersect exactly at one point.

But they will intersect approximately at one point — the center of mass. This is shown in

Figure 6.5. In fact, there are three ways of finding the center of mass. First, we find the

midpoint of one of its sides, and then we move 1
3 of the way up from this point toward the

third vertex. We compute all three ways of finding an approximate center of mass, and we

calculate the error of our approximation. It is only:

ε = 0.0047 (6.1)

which is rather small compared to the distances between the three points. This experiment

verifies that for most practical applications this error should be considered negligible.
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Fig. 6.5: Geodesic Triangle: medians intersect at the barycenter of 3 points
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6.4 Application: Shape morphing and geodesics on GSn,p

Now we will present some results on computing distances and morphing shapes in the shape

space GSn,p.

In Figure 6.6 we present a geodesic connecting two shapes that lie in the shape space

GS210,2. We pick our initial shape to be a contour of the triangle, and our final shape to

be a contour of the circle. Then, using the canonical representation algorithm, described

in Section 5.9, we align the shapes, mapping the back to the Grassman manifold Gr210,2.

Then using Equation (4.25) we determine the distance in between the two shapes. If we

normalize the distance to be in the range [0, . . . , 1], then the normalized distance for this

example is d = 0.164, as shown underneath the figure. Also, using Equation (4.56), we can

obtain other shapes that lie on the geodesic given by these initial and final shapes. In this

example, we divide the geodesic into 9 equal parts, and compute intermediate shapes along

the geodesic. The distance between adjacent shapes will be d/9.

Another example is given in Figure 6.7. In this example, our initial shape is a 2D face

template, and our final shape is a bicycle. These shapes lie on the GS2000,2. The normalized

distance between the shapes is d = 0.683. Thus, these shapes lie far from each other. As

before, we show some intermediate shapes as well. They show what changes a shape of the

face undergoes to become the shape of a bicycle.

Yet another example is given in Figure 6.8. Here we are considering 3D shapes. In this

Fig. 6.6: Morphing the contour of a triangle onto the contour of a circle
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Fig. 6.7: Morphing a face template onto a bicycle

Fig. 6.8: Morphing a fractal bowl onto a Moebius strip

Fig. 6.9: Morphing one distorted triangle onto the other
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example, our initial shape is a 3D fractal bowl, and our final shape is a Moebius strip. These

shapes lie on the GS4096,3. The normalized distance in between the shapes is d = 0.594.

The last example we consider is given in Figure 6.9. In this example, we take the contour

of a triangle, and we make two distorted shapes out of it. First, we apply two random affine

distortions to obtain two different shapes. Then, we add additive Gaussian noise to the

location of the feature points in both shapes. In the first shape we add more noise than

in the second one. Then, as before, we connect them by a geodesic, compute the distance

in between them, and also compute some intermediate shapes along the geodesic. The

normalized distance between them is relatively small. It is d = 0.09. So, we observe that

the distance on GSn,p is resistant to additive noise in the location of feature points.

6.5 Application: Data-driven sub-manifolds on GSn,p

The shape space GSn,p is very vast and high-dimensional. It includes shapes that are not

likely to exist in the real world. The shortest distance geodesic connecting the two shapes

that are probable of occurring is likely to pass through the shapes that are not probable.

Thus, the shortest path through probable shapes in the shape space should not be a straight-

line geodesic path of GSn,p.

It has been long recognized in the computer vision community that objects produce views

that in the space of all possible views form surfaces that are generally low dimensional and

smooth. For example, [30] studies the ability of human subjects to form the low-dimensional

shape space. Similarly, [10] studies the problem of image clustering by introducing a method

for surface clustering whose objectives are to detect low-dimensional smooth surfaces. Also,

in pattern recognition community, the use of word “geodesic” coincides with the problem

of learning the low-dimensional smooth surface embedded in the Euclidean space and path

following within the surface. This problem is commonly referred to as data-driven manifolds.

One can naturally combine the concepts for data-driven manifolds in the Euclidean

space and apply them to the shape space. In a way, given enough data samples that are

probable shapes in the high-dimensional shape space GSn,p one would like to learn the low-
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dimensional submanifold of GSn,p of probable shapes. In order to achieve this, one should

use the intrinsic similarity measure of GSn,p instead of the Euclidean similarity measure that

is typically used in the data-driven manifolds. A good reference for data-driven manifolds

in the Euclidean space is given by [87]. Data-driven low-dimensional submanifolds are

generally represented by graphs. These concepts are also closely related to level sets and

regularizations, see [106, 50].

Related to these concepts are an extension of Principal Component Analysis (PCA) to

the Riemannian manifolds. PCA is a prevalent technique for describing model variability.

However, it is only applicable when model parameters are elements of a Euclidean vector

space. One defines Gaussian distributions on the Riemannian manifolds and derives the

maximum likelihood estimates of the mean and covariance. Using these distributions, then

one introduces Principal Geodesic Analysis (PGA), the extension of PCA to Riemannian

manifolds, see [36]. This is done by first finding the sample mean, and then performing the

rest of statistical calculations in the tangent space, attached at the mean.

6.6 Summary

In this chapter we started by presenting a real world application — multi-author handwrit-

ten digit recognition. Based on the experimental results of this application, we showed that

the metric we chose in the shape space does achieve good results in determining similarity

of two shapes. Moreover, we showed that when the linear approximation to the barycentric

combinations is used in practice, errors should be negligible for most real world applications.

Related to it, we also discussed the geodesic triangles on the Grassmann manifold Grn,p. In

addition, we showed additional experimental results for shape morphing in the shape space

GSn,p, when we take two shapes and connect them by a minimal geodesic segment. Finally,

we discussed a need for data-driven low-dimensional submanifolds of the shape space, that

contain the probable shapes.
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The thesis addresses the problems of computations on the Grassmann manifold and affine-

permutation invariant shape space representation as a locally Riemmanian manifold. In our

work, we proceed from the fact that the similarity measure is not an Euclidean metric. It is

shown that there is no easy injective map between the set of all shapes and some Euclidean

space. We adopt the concept of a shape given by Kendall. However, our research is different

in a number of ways. If Kendall assumes a labeled finite subset of object’s feature points,

in our case, the feature points are not labeled, causing their permutation distortions. Also,

the class of allowed motions in Kendall’s work and in our work is quite different. Kendall

restricts the class of motions to rigid motions and uniform scaling. In our research, we

are modeling a class of affine motions. Moreover, permutation distortions of the unlabeled

feature points pose computationally infeasible combinatorial problem. Combined together

with the affine distortions, it is even more challenging problem. In order to simultaneously

solve the correspondence problem and the affine invariance problem reliably and minimize

the combined affine-permutation shape distortion, this thesis makes a number of substantive

original developments.

A novel approach to measuring similarity between shapes and finding the geometric

manifold with an unlabeled-view-independent metric property defined on it is established,

and key concepts on the representation of geometric objects under different viewing condi-

tions are developed. One of the essential concepts here is defining a shape to be a set of all

equivalent representations obtained by acting on a rigid object with a class of distortions and

then mapping each shape as a point of a geometric manifold. The underlying metric of the

non-Euclidean space intrinsically defines an unlabeled-view-independent similarity measure
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between the shapes. We consider affine distortions and distortions induced by permutation

of the unlabeled feature points. We solve this challenging problem of finding a similarity

measure and of finding a locally geometric manifold with an unlabeled-view-independent

metric properly defined on it. We construct geometric shape spaces for 2D and 3D rigid

objects and define on these spaces distances among shapes that are invariant to a class of

distortions — affine transformations and permutations of unlabeled feature points.

At the first step we consider affine-invariant shape space representation by points on the

real Grassmann manifold. At this step we choose to stay within the space of orbits because

an operation of finding a canonical member is not an easy one, and is noise sensitive.

A typical approach that is taken by in the literature for this step is defining principal

axes of the shape and then un-rotating the shape to align its principal axes with their

canonical position. However, even small noise can introduce a large change in a position of

principal axes causing discontinuities in the similarity measure. We avoid this approach by

staying within the space of orbits and developing formulas on the Grassmann manifold that

are invariant to the choice of the representative of each equivalency class. We introduce

an injection that maps shapes into points of a Riemannian manifold. Since shapes are

represented by points on a manifold, algorithms for the Euclidean space can no longer be

used, and equivalent algorithms for the Riemannian space are created. We introduce the

logarithmic map, which we presented for the first time at the conference in St. Luis in

Sep 2003, [98]. We relate the logarithmic map — the inverse of a well-known exponential

map, with the concepts of expected values and barycentric combinations. Then we focus

on efficient geometric algorithms on the Grassmann manifold. We introduce the numerical

representation of points on the Grassmann manifold and derive original formulas that allow

computation of basic building blocks required for most algorithms, such as, distance between

two points, barycentric combination of k points, sample mean and higher order statistics.

Instead of defining an equation for the geodesic velocity vector field, given an initial point

and a tangent direction at the point, we define this equation, given an initial point and a

final point on the Grassmann manifold, which are to be connected by a geodesic segment. A
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closed form linear solution for the midpoint of two points, for the geodesic segment and its

derivative vector field is obtained. Also, a linear algorithm for the barycentric combination

of k points is developed. The derived original general-purpose explicit formulas for the real

Grassmann manifold allow easy computation of similarity in between the shapes as well as

a sample mean and higher order moments of a constellation of shapes. The development

of a new modeling and computational framework, and related general-purpose calculation

formulas and algorithms we pioneered is one of the main results of the thesis.

At the second step we consider a more general case of affine-permutation invariance

in shape representation. We develop an analytical mapping to the neighborhood of the

real Grassmann manifold as a solution to the distance minimization problem. We define

equivalency sets of configurations and describe an abstract representation of these equiva-

lency classes as points in a high-dimensional Riemannian manifold. Each equivalency class

collects the configurations of p-dim objects that are transformable into each other under

a class of affine transformations and a class of permutations of the feature points. This

completely removes a source of affine-permutation shape distortion. We consider both 3D

and 2D shapes of rigid objects and construct geometric shape spaces with distances defined

in such a way that they achieve invariance to a class of modeled distortions, in particular,

simultaneously applied affine transformations and permutations of unlabeled feature points.

As in the affine-permutation invariant shape space the distance is not easily computable, we

relax an optimization problem to doubly stochastic matrices and present an approximate

solution using linear programming and quadratic programming. It is easy to compute and

is accurate if the shapes are not too far apart.

Finally, we present applications of our innovative approach, basic concepts and derived

formulas to the classification problem on shape spaces. We show how to compute sample

mean for a constellation of shapes. We give an example of shape morphing by means of

connecting two shapes with a minimal geodesic segment and following it. We also give an

example of shape identification when applied to multi-author handwritten digit recognition.

We also discuss data-driven sub-manifolds of the shape space. The obtained results demon-
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strate the practical importance of the findings and can be used for various computer vision

and image processing case studies.

The findings presented in the thesis bridge a gap between image processing algorithms

in Riemannian spaces and conventional algorithms embedded for simplicity in Euclidean

spaces, and allow to view these algorithms from a new perspective.

Future directions

The majority of available numerical techniques for evaluation and optimization assume an

underlying Euclidean space. Yet many computational problems can be properly solved only

in non-Euclidean spaces. There were attempts to develop abstract algorithms that exploit

the underlying geometry of Riemannian manifolds, but the conversion of these abstract

geometric algorithms into numerical procedures for real life applications has proved to be

challenging. Future work will be conducted having in mind to overcome the limitations

of the existing methodology and extend the application area of the non-Euclidean spaces

based on derived closed-form formulas. Many such examples can be given beyond the shape

representation theory considered in the thesis.

Statistical inference on the Riemannian manifolds is a rather new subject and can be

very essential for the related sciences. It will deepen and broaden the research area to

many fields, such as astronomy, meteorology, geological sciences, biology, medicine, physics,

chemistry, computer science, signal processing, communication systems, control systems,

econometrics, computational finance, etc.

We will focus our efforts on the field of computational finance, where the obtained

results, formulas and algorithms can provide a unique framework for the study of many

real problems of financial markets and their interactions, particularly of the closely linked

problems in asset pricing, risk management and portfolio optimization.
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